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This textbook is intended for use in an introductory graduate level course, and the 
general sequence followed is similar to that used in classrooms in various universities. 
The book has been developed primarily from class notes that 1 prepared for teaching 
initially at South Dakota State University and later at The University of Texas at El 
Paso. 

The first chapter is on Soil Aggregate and is a general review of most of the 
materials to which students are introduced in the first course in soil mechanics 
offered at the undergraduate level. The remaining six chapters, dealing with per- 
meability and seepage, stress distribution in a soil mass due to various types of loading 
conditions, development of pore water pressure due to undrained loading conditions, 
consolidation, methods of calculation of settlement of soils, and shear strength of 
soils, are presented in such a manner that readers who are unfamiliar with the subject 
will not face ary serious problems in understanding. The basic concepts are N presented 
in the earlier sections of each chapter and are then followed by more advanced 
topics. 

The text has been extensively illustrated for better understanding. During the 
past ten to fifteen years, several new studies have been published in the geotechnical 
journals around the world. I have made an effort to include the important findings of 
most of these works as seem pertinent to the materials covered in this text. 

A number of example problems are given in each chapter as well as a fairly large 
number of representative problems for solution by the students at the end of each 
chapter. 

An extensive list of references is given at the end of each chapter which can be 
used by readers for in-depth review and/or research work. 

Dual units-conventional English and SI— have been used throughout. 

I am indebted to my wife, Janice, for her help in typing the manuscript. She also 
helped in preparing most of the figures and tables. Thanks are also due to Sands H. 
Figuers, graduate student at The University of Texas at El Paso, for his help in several 
stages during the preparation of the manuscript. 

Braja M. Das 
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CHAPTER 

ONE 

SOIL AGGRBGATE 



1.1 INTRODUCTION 

Soils ajc aggregates of mineral particles, and together with air and/or water in the void 
spaces they form three-phase systems. A large portion of the earth’s surface is covered 
by soils, and they are widely used as construction and foundation materials. Soil 
mechanics is the branch of engineering that deals with the engineering properties of 
soil and its behavior under stresses and strains. 

This chapter is primarily designed to be a review of fundamentals to which the 
reader will already have been exposed in some ‘detail. It is divided into eight major 
parts: weight-volume relations for the thjee-phase systems, grain-size distribution of 
soil particles, clay minerals, consistency, classification systems, compaction, volume 
change of soils, and the effective stress concept. 



1.2 WEIGHT-VOLUME RELATIONSHIPS 



1.2.1 Basic Definitions 

Figure 1.1c shows a soil mass that has a total volume V and a total weight W. To 
develop the weight-volume relationships, the three phases of the soil mass, i.e., soil 
solids, air, and water, have been separated in Fig. 1 .1 b. Note that 

W = ^ 0-0 



and, also, 

V = V 3 + R. + V a 



1 




7 ADVANCED SOIL MECHANICS 



Volume Weight 




V — "w 



W w 




Volume 

T 7 



Fig. 1.1 Weight-volume ceUtioojhips for l °d aggttgite. 



K= K*+ K ’ (13) 

where" W, - weight of soil solids 
!V W = weight of water 
V t — volume of the soil solids 
V w - volume of water 
Y a = volume of air 

The weight of air is assumed to be zero. The volume relations commonly used in soil 
mechanics are void ratio, porosity , and degree of saturation. 

Void ratio e is defined as the ratio of the volume of voids to the volume of sohos: 



Porosity n is defined as the ratio of the volume of voids to the total volume: 



n — — 

V 

Also. v=K+ K 



n y s +K KJK+K/K 

Degree of saturation S, is the ratio of the volume of water to the volume of voids 
and is generally expressed as a percentage: 



*(%)-yX 100 



The weight relations used are moisture content and unit weight . Moisture content 
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w is defined as the ratio of the weight of water to the weight of soil solids, generally 
expressed as a percentage: 

IV 

w(%)=— X 100 (1.8) 

K 

Unit weight 7 is the ratio of the total weight to the total volume of the sod 
aggregate: 

W 

7 =- (15) 

This is sometimes referred to as moist unit weight since it includes the weight of 
water and the soil solids. If the entire void space is filled with water (i s.. V a - 0 ), it 
is a saturated soil; Eq. (l 5) will then give use the saturated unit weight 7 at . 

The dry unit weight is defined as the ratio of the weight of soil solids to the 
total volume: 




Useful weight-volume relations can be developed by considering a soil mass in 
which the volume of sod solids is unity, as shown in Fig. 1.2. Since Y t = 1, from the 
definition of void ratio given in Eq. (1.4) the volume of voids is equal tc the void 
ratio e. The weight of sod solids can be giver, by 

W t = * K = C .7w (iince y,= 1) 

where C t is the speci 6 c gravity of sod solids, and is the unit weight of water 
(62 4 lb/ft 1 , or 9.31 kN/m 1 ). 

from Eq. (1.8), the weight of water is 1V W = wW s - wG t y„. So the moist unit 
weight is 
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The dry unit weight can also be determined from Fig. 1 .2 as 

d.i2) 

V 1 + e 

The depee of saturation tan be gjvcn by 

5 = !^ = W " ly " - - ^j2Z— - wG} (] i?) 

K V v e e 

For saturated soils, 5, = 1 . So, from Eq. (1 .13), 

e — w’C, (1.14) 

By referring to Fig. 1 3. the relation for the unit weight of a saturated soil can be 
obtained as 

(1 , 5) 

53 V V 1 + f 

Basic relations Tor unit weight such as Eqs. (! .11), (1 .1 2), and (1 .1 5) in terms of 
porosity n can also be derived bv considering a soil mass that has a total volume of 
unity as shown in Fig. 1.4. In this case (for T=l), from Eq. (1.5), V v =n, So, 
V 3 = V — \' = \—r. 

The weight of soil solids is equal to (1 — n)G s y w , and the weight of water 
= wit' = w(l — n)G s y w . Thus the moist unit weight is 

W W s + iV w (1 — n)G s y w + w(l — n)G i y w 
y ~ V ~ V ~ 1 

= G,7 M (1 -n)(l + w) ' (1.16) 

The dry unit weight is 

7tf = ~ = (i — O.n: 




) > ' 



A 



■\>~ r 
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If the soil is saturated (Fig. 1.5), 

y al = - L -j 7 “ = 0 ~ n )G;7w + n 7w = [G,-n(G,- Obw 

Several other functional relationships are given in Table 1.1. 



Example 1 .1 For a soil in natural state, given e = 0.8, w = 24%, and G } = 2.68. 

(a) Determine the moist unit weight, dry unit weight, and depee of saturation, 
(o) If the soil is made completely saturated by adding water, what would its 
moisture content be at that time? Also find the saturated unit weight. 

SOLUTION Part (a): From Eq. (1.1 1), the moist unit weight is 

CjTwQ + w ) 

T ~ 1 +e 

\ 

Since y w = 9 .8 1 kN/m\ 



? = 



(2 ,68)(9.81)(1 + 0.24) 

1 + 0.8 



= 18.11 kh '/m 3 




I'): -i 









^ r 







Table 1.1 functional relationships of various soil properties for saturated soils 

Jumikis, A. R ..Soil Mechanics , 1 962, pp. 90-91 , D. Van Nojtjand Company, Inc., Princeton. New Jersey 
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From Eq. (1 .12), the dry unit weight is 

Gp. (2 ,68)(9.61) a 

V = = H.61 kP ' ™ 

1 +f 1+0.8 

From Eq. (1 .1 3), the degree of saturation is 

m-C s (0.24)(2 .68) 

5, (%) = — - X 100 = X 1 00 = SO 47c 

c 0.8 

Pan (b): From Eq. (1 .1 4), for saturated soils, e = u’G,, or 
f 0.8 

W (%) = — x 100 = — x 100 ~ 29.XS% 

G s 2.68 

From Eq (1.1 5), the saturated unit weight is 

C^ + e-^, 9.81(2.68 + 0.8) . 



1 + 0.8 



= 18.91 kNjnv 



1.2.2 General Range of Void Ratio and Dry Unit Weight Encountered in 
Granular Soils 

For granular sells (sand and grave’-), the ranee of void ratio generally encountered car 

be visualized by considering an ideal situation in which particles are spheres of equz: ' A 

size. The looses; and the densest possible arrangements that we can obtain from these 

equal spheres are. respectively, the simple cubic and the pyramidal type of packing as 

shown in Fig. 1 .6. The void ratio corresponding to the simple cubic type of arrangement 

is 0.91; that for the pyramidal type of arrangement is 0.34. In the case of natural 

granular soils, particles are neither of equal size nor perfect spheres. The small-sized 

particles may occupy void spaces between the larger ones, which will tend to reduce 

the void ratio of natural soils as compared to that for equal spheres. On the other 

hand, the irregularity in the shape of the particles generally tends to increase the 

void ratio of soil as compared to ideal spheres. As a result of these two factors, the 

void ratios encountered in real soils are approximately in the same range as those 

obtained in the case of equal spheres. 

Table 1 2 gives some typical values of void ratios and dry unit weights encountered 
in granular soils. 
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Fig. 1.7 Relative density and relative compaction concepts. (After K. L. Lee and A. Singh, Relative 
Density and Relative Compaction, I. Soil Mech. Found. Div.. aSCE, vol. 97. no. SM7, 1971.) 



where 7tf(mM)> 7d(min) , 7 d are the maximum, minimum, and natural^tate dry unit 
weights of the soil. Substitution of Eqs. (1.20), (1.21). and (1.22) into Eq. (1.19) 
yields 

n _ 7d(max) 7d ~ 7d(min) (1.23) 

*T 

7d 7d(mix) 7d(min) 

Relative density is generally expressed as a percentage. It has been used by several 
investigators to correlate the angle of fraction of sod. the soil Uquefication potential, 
etc. 

Another term occasionally used in regard to the degree of compaction 01 coarse- 
grained soils is relative compaction, R c , which is defined as 



* C 

“Yd (max) 

The difference between relative density and relative compaction is shown in Fig. 1.7. 
Comparing Eqs. (1 .23) and (1 .24), 



r» — — v* ~-v 

c 1 -£>,(!-**) 

where = 7 d (min)/7j( max)- 

Lee and Singh (19"’ 1) reviewed 47 different sods and gave the approximate relation 
between relative compaction and relative density as 

£ c = 80 + 0223, 0-26) 

where D, is in percent. 



1.2.4 Specific Gravity of Soil Solids 

The specific gravity of soil solids, G„ has been used in the weight-volume relations 
derivec in Sec. 1.2.1. The value of G, for most natural sods falls in the general range 



SOIL AGGREGATE 11 




Table 1 3 Typical values of G, 



Soil type 


c. 


Grave! 


2.65-2.68 


Sind 


2.65-2.63 


SQt 


2.66-2.7 


Clay 


2.68-2.3 



ot 2.65 to 2.75. For organic soils, the value may fall below 2. Seme typical values of 
C, are given in Table 1 3. 

1.3 GRAIN -SIZE DISTRIBUTION OF SOILS 
1.3.1 Sieve Analysis and Hydrometer Analysis 

For a basic understanding of the nature of soils that axe generally encountered, the 
type ol distribution of grain sizes ir. a given sod mass must be known. 

The grain-size distribution of coarse-grained soils (gravelly and/or sandy) is usually 
determined by sieve analysis. Oven-dried sod with the lumps thoroughly broken down 
is passed through a number of sieves. The weight of the dry soil retained on each sieve 
is determined, and based on these weights the cumulative percent p assin g a given sieve 
is determined. This is generally referred to as percent finer. The numbers of the standard 
sieves used in the United States and their corresponding openings are given in Table 1 .4, 
Table 13 shows the results of a typical sieve analysis. It is customary to plot the 
grain-size distribution on semiloganthmic graph paper with the percent finer on the 



Table 1.4 U.S. standard sieves 



Sieve no. 


Opening >iie, mm 


3 


6.35 


4 


4.76 


6 


3.36 


3 


2.33 


10 


2.00 


16 


1.19 


20 


0.34 


30 


059 


40 


0.42 


so 


0.297 


60 


0.25 


70 


0.21 


100 


0.149 


140 


0.105 


200 


0.074 


270 


0.05 3 



\ 
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Table 1 .S Results of a sieve analysis* 



U.S standard 
stvc no. 



Sieve 
opening, 
m m 



Mass of 
soil 

retained 
on each 
sieve, g 



Cumulative 
mass of soil 
retained , g 



Cumulative 
mass of soil 
passing each 
Sieve, g 



4 


4.7 6 


10 


10 


10 


2.00 


30 


40 


16 


1.19 


52 


92 


30 


Ci9 


80 


172 


*0 


0 42 


141 


313 


60 


0,25 


96 


405 


100 


0.149 


105 


514 


200 


0.094 


85 


599 


Pin 




51 





• Mass of total dry soil 1 650 g 

cumulative mass of soil passing each sieve ^ ^ 

' pc:cenl “ ~ mass of the total dry soil 

tr.AmOK «Ue mi uhe sieve. operuee on the lopnthmic sole. The results of the 

utve jnilvsis B'-tn in Table 1 .5 m plotted in Fig. 1 .8. 

The grain -silt distribution can be used to ittermin. some of the b»c soJ p.»- 
meters such » the effects size, the uniformity coefficient. and the cue, .ic.cn 
gradation. The efifec rive rice of , soil is the dic.m-.tcr through whsch On, o *e total 
toil mass is passint and is referred to as D,„. The uni/orm, ry coefficient Q, is defored as 




Diameter, mm (lo? sceie) 




Fig- 1.8 Grain -sic t distribution. 
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where D w is the diameter thiough which 60% of the total soil mass is passing. 
The coefficient ofi gradation Q is defined as 




(Ax)* 

(D«y,D )C ) 



0-27) 



(1-28) 



where Dx, is the diameter through which 30% of the lota! soil mass is passing. 

The uniformity coefftaenl and the coefficient of gradation for the sieve analysis 

shown in Table 1 .5 are also shown in Fig. ) .8 . 

A soil is called a wd!-groded soil if the distribution cf the grain sizes extends over 
a rathe; large range. In that case, the value of the uniformity coefficient is large. 
Generally, a soil is referred to as well graded if Q, is larger than about 4 to 6 and C f is 
between 1 and 3. When most of the grains in a soil mass are of approximately the same 
size-i.e., C» is close to 1 -the soil is called poorly graded. A soil might have a combi- 
nation of two or more well-graded soil fractions, and this type of soil is referred to 
as a fcp-groded soil. Figure 1.9 shows the comparison of the general nature of the 
grain -size distributions for well-graded, poorly graded, and gap-graded soils. 

The sieve analysis technique described above is applicable for soil grains larger 
than No. 200 (0.074 mm) sieve size. For fine-grained soils, the technique used or 
determination of the grain sizes is hydrometer analysis. This is based on the principle 
of segmentation cf soil grains. When soil particles are dispersed in water, they will 



k. 




Grain diameter t'og *ca'e) 



PiS- 1-9 Nature of pain-size distribution for (1) well-graded, (2) poorly paced, and (3) pp-p*ded 
acils. 
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settle at different velocities depending on their weights, shapes .and sizes. For simplicity, 
it is assumed that ail soil particles are spheres, and the velocity of a soil particle can 
be given by Stokes law as 

V ^ D ' 

where V = velocity — distance/ time “ Lit 

~fw, y,~ uatit weight of water and soil particles, respectively 
rj = absolute viscosity of water 
D = diameter of the soil particles 

In the laboratory, hydrometer tests arc generally conducted in a sedimentation 
cylinder, and 50 g of oven-dried soil is used. The sedimentation cylinder is 18 in 
(457.2 m) high and 2 J in (63.5 mm) in diameter, and it is marked for a volume of 
1000ml. A 125-ml solution of 4% sodium hexameuphosphate in distilled water is 
generally added to the specimen as the dispersing agent. The volume of the dispersed 
sod suspension is brought up to the 1000ml mark by adding distilled -water. After 
thorough mixing, the sedimentation cylinder is placed inside a constant-temperature 
bath. The hydrometer is then placed in the sedimentation cylinder and readings are 
taken to the top of the meniscus (Fig. 1 .10) at various elapsed times. 
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1-4 CLAY MINERALS 
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unit consisting of six hydroxyl units surrounding an aluminum (or a magnesium) 
atom The combination of the aluminum octahedral units forms a gibbsue sheet 
(Fig 1 13b) If the main metallic atoms in the octahedral units are magnesium, these 
sheets are referred to as brucite sheets. When the silica sheets are stacked over the 
octahedral sheets, the oxygen atoms replace the hydroxyls to satisfy then valance 
bonds. This is shown in Fig. 1 .13c. 

Gay minerals with two-layer sheets. Some clay minerals consist of repeating layers of 
two-layer sheets A two-layer sheet is a combination of a silica sheet with a gibbsite 
sheet or a combination of a silica sheet with a brucite sheet. The sheets are about 
7.2 A thick. The repeating layers are held together by hydrogen bonding and secondary 
valence forces. 

Kaolinite is the most important clay mineral belonging to this type (. ig. 1.14). 
Other common clay minerals that fall into this category are serpentine and hailoysite. 

Gay minerals with three-layer sheets. The most common clay minerals with three -layer 
sheets are Mite and morumorillonite (Fig. 1.15). A three-layer sheet consists at an 
octahedral sheet in the middle with one silica sheet at the top and one at the bottom. 
Repeated layers of these sheets form the clay minerals. 

lllite layers are bonded together by potassium ions. The negative charge to balance 
the potassium ions comes from the substitution of aluminum for some silicon in the 
tetrahedral sheets. Substitudon of this type by one element for another without 
changing the crystalline form is known as isomorphous substitution. MontmoriUomte 
has a similar structure to illite. However, unlike Lllite there are no potassium ions 
present, and a large amount of water is attracted into the space between the three-sheet 

layers. _ . , 

The details for the basic structure of some clay minerals are given in Table 1 ,o. 



X 




Fig. 1.14 Symbolic structure for kaoUrute. 





F'g. 1.15 Symbolic structures of (c) iilite and ib) mon imonlloniie. 





1.4.2 Specific Surface of Clay Minerals 

... The surface area of clay particles per unit mass is generally referred to as specific 
surface. The lateral dimensions of kaolinite platelets are about 1CQQ to 2Q.CC0 A with 
thicknesses of L 00 to 1000 A. Qliie particles have lateral dimensions cf 1QCO to 
5000 A and thicknesses of 50 to 500 A. Similarly, montmoriilcnite particles nave 
lateral dimensions of 1000 to 5000 A with thicknesses of 10 to 50 A, If we consider 
several clay samples all having the same mass, the highest surface area will be in the 
sample in which the particle sizes are the smallest. So it is easy to realize that the 
speciSc surface of kaolinite wall be small compared to that of montmonllorute. 
The specific surtaces of kaolinite, illite, and montmonllorute are about 15, 90, and 
800 m 1 lg t respectively. Table 1.6 lists the specific surfaces of some clay minerals. 

1.4.3 Cation Exchange Capacity 

Chy particles carry a net negative charge. In an ideal crystal, tine positive and negative 
charges would be balanced. However, isomorphous substitudon and broken continuity 
of structures result in a net negative charge at the faces of the clay particles. (There 
are also some positive charges at the edges of these particles.) Tc balance the negative 
charge, the clay parades attract positively charged ions from salts in their pore water. 
These are rcicrred to as exchangeable ions. Some are more strongly attracted than 
others, and the cations can be arranged in a series in terms of the;: affinity for attraction 
as follows: 

Al J ' > Ca 1 * > Mg 1 * > NH/ > K* > H' > Na* > LT 









H-no«iii/ig * secondary valence 
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This series indicates that, for example, Al 1+ ions can replace Ca 1 * ions, and Ca J ’ ions 
can replace W ions. The process is called cation exchange. For example, 



Na, 



, + CaG-, -* Ca c . 1¥ + NaG 



Cation exchange capacity (CEC) of a clay is defined as the amount of exchangeable 
ions expressed in milUequrvalents, per 100 g of dry clay. Table 1.6 gives the cation 
exchange capacity of some clays. The laboratory procedure for determination ot LtL 
is given in ASTM Special Technical Publication No. 479 (1970). 



1.4.4 Nature of Water in Ctoy 

Th« pccsence of excludable cation* on 0>e smface of clay particles was discussed in 
the preceding section. Some sail precipitates (cations in excess of the exchangeable 
ions and their associated anions) are also present on the surface of dry clay parades. 
When water is added to clay, these cations and anions float around the clay particles 

At tfds point, it must-be pointed out that water molecules are dipolar, sincere 
hydrogen atoms aie not symmetrically arranged around the oxygen atoms (Fig. 1 .17u). 
This means that a molecule of water is like a rod with positive and negauve charges at 
opposite ends (Fig. 1 . 176 ). There are three general mechanisms by which these dipolar 
water molecules, or dipoles, can be electrically attracted toward the surface ot the clay 

particles (Fig. 1.18): 



a. Attraction between the negatively charged faces of day particles and the positive 

ends of dipoles. , . 

b. Attraction between cations 'in the double layer and the negatively charged ends 
of dipoles. The cations are in turn attracted by the negatively charged faces of 

clay particles. 




Fig. 1.16 Diffuse double layer. 




I'drogen bonding 
en atoms in the 
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the existence of 
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Eig. 1.19 CUy '* aler (a) Typical kaolinite panicle. 
10.000 ty 1 000 A (b) Typical monimorillcnile 
particle. 1000 by 10 A (After T. W. Lortbf. 
Competed Coy: Structure. T-ans. aSCF i-ol 
125. I960 ) 



V 



Coub)e4ayer water. Thicknesses of double-layer water for typical kaolinite and moot- 
morilloni ic crystals are shown in Fig. 1 .19. Since the innermost layer of double-layer 
water is very strongly held by a clay panicle, it is referred to as adsorbed water. 

1.4.5 Repulsive Potential 

The nature of the distribution of ions in the diffuse double layer is shown in Fig. 1.16. 
Several theories have been presented in the past to describe the ion distribution close 
to a charged surface. Of these, the Gouy-Chapman theory has received the most 
attention. Let us assume that the ions in the double layers can be treated as point 
charges, and that the surface of the clay particles is large compared to the thickness 
of the double layer. According to Boltzmann's theorem, we can write that (Fig. 1 .20) 

— 

n * = n *<o) CX P ' (130) 

uj?$ 

n -- r Mv)CX P — (131) 

■where n* = local concentration of positive ions at a distance* 
n - ~ local concentration of negative ions at a distance * 
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d 7 $ 4rrp (133) 

dx 1 ~ X 

where \ is the dielectric constant of the medium. 

Assuming u. = u. and n H0 ) = *-(o) = "o. combining Eqs. (130) to (133), 

we obtain 

0 34) 

dx 1 \ KT 

H is convenient to rewrite Eq. (134) in terms of the following nondime naonal 
quantities: 



and ’ ^ L37 ^ 

where 4> 0 is the potenual at the surface of the clay particle and 

(cm* 1 ) 0 - 38 ) 

\XT 

Thus, from Eq. (1 34), 

^=sinhy Cl 39) 

d? 

7>ie boundary conditions for solving Eq. (1 39) are: 

1 . At 5 = “.>'= 0 and dy/d £ = 0. 

2. At £ = Q,y = z, i.e., 4> = <t> 0 . 

The solution yields the relation 

(^tDir-i)^ ( 1 . 40 ) 

-(.e ,n - \)*~ l 

Equation (1.40) gives an approximately exponential decay ol potential. The nature of 
the vanauon of the nondimensional potential y with the nondtmensiona! distance is 
given in Fig. 1 .22. 

For a small surface potential (less than 2S mV), we can approximate Eq. (134) as 

d ll =K ^ (141) 



4> = 4> a e' 



A (piiuaiod iBuoiuisuJipuoN 
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Nonaimem,cn*i distance ( 



Fi^. 1.22 Variation ol nondimensior.il potential with nondimensionaJ distance. 

Equation (1.42) descnbes a purely exponential decay of potential. For this 
condition, the center ot gravity ot the diffuse charge is located at a distance ofx = 1 /x. 
The term l/< is generally referred to as the double -layer thicknets. 

There are several factors that will affect the vanauon of the repulsive potential 
with distance from the surface of the clay layer. The effect of the cation concentration 
and tonic valence is shown in Figs, 1,23 and 1.24, respectively For a given value of 
4> a and x, the repulsive potential 4> decreases with the increase of ion concentrauon 
and ionic valence u. 

V^nen day particles are dose to and parallel to each other, the nature of variation 
ol the potential will be as shown in Fig. 1 .25. Note for this case that at x = 0, 4> = <fc 0 , 
and at x -d (midway between the plates), <f> = and d^jdx =0. Numerical solutions 
for the nondimensional potential y — y a (i.e., 4* = 4' d ) for various values of i and 
S = <d (i.e., x = d) are given by Verwey and Overbcek (1943) (see also Fig. 1 .26). 



1.4.6 Repulsive Pressure 

The repulsive pressure midway between two parallel clay plates (Fig 137) can be 
given by the Langmuir equation 




0 43) 



•vhere p is the repulsive pressure, i.e., the difference between the osmotic pressure 







midway between the plates in relation to that in the equilibrium solution. Figure 
1.28, which is baaed on the results of Bolt (1956), shows the theoretical and experi- 
mental variation of p between two clay particles. 

Although the Cuoy-Chapman theory has been widely used to explain the behavior 
of clay, there have been several important objections to this theory. A good review 
of these objections has been given by Bolt (1955). 

1 .4.7 Flocculation and Dispersion of Cby Parricles 

In addition to the repulsive force between the clay particles there is an attractive 
force, which is largely attributed to the Van det Waal’s force. This is a secondary 
bonding force that acts between all adjacent pieces of matter. The force between two 
flat parallel surfaces varies inversely as 1 lx i to 1 jx* , where x is the distance between 
the two surfaces. Van der Waal's force is also dependent on the dielectric constant of 
the medium separating the surfaces. However, if water is the separating medium, 
substantial changes in the magnitude of the force wdl not occur with minor changes 
in the constitution of water. 

The behavior of clay particles in a suspension can be qualitatively visualized from 
our understanding of the attractive and repulsive forces between the particles and 
with the aid of Fig. 1.29. Consider a dilute suspension of clay particles in water. 
These colloidal clay particles will undergo Brownian movement and, during this 
random movement, will come close to each other at distances within the range of 
interparticle forces. The forces of attraction and repulsion between the clay particles 
vary at different rates with respect to the distance of separauon. The force of repulsion 
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Fig. 1.29 Dispersion ir.£ flocculation of clay in a suspension. 

force of attraction between clay particles in suspension. If the clay particles are 
suspended in water with a High salt concentration, the floes of the clay particles formed 
by dominant attractive forces .will give them mostly an orientation approaching 
parallelism (face-to-face type). This is called a salt-type flocculation (Fig. 1 31c). 

Another type of force of attraction between the clay particles, which is not taken 
into account in colloidal theories, is that arising from the electrostatic attraction of 
the positive charges at the edge of the particles and the negative charges at the face. 
In a soil-water suspension with low salt concentration, this electrostatic force of 




Ftg. 1.50 OO Dlsperacn and (b) flocculation of day. 
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Fig. 1.31 (o) Sill and lb) non-sail flocculation of day particles. (After T. W. Lembe. Compacted 
Ocy: Structure. Tram. ASCE, >«f. 1 --V / °60 ; 

attraction may produce a flocculation with an onentation approaching a perpendicular 
array. This is shown in Fig. 131b and is referred to as non-salt flocculation. 

1.5 CONSISTENCY OF COHESIVE SOILS 
1.5.1 Attcrbcrg Limits 

The presence of clay mrneraJs in a fine-grained soil will allow it to be remolded in the 
presence of some moisture without crumbling. If a clay slurry is dned, the moisture 
content will gradually decrease and the slurry will pass from a liquid state to a p.astic 
state. With further drying, it will change to a semisolid state and finally to a sobd 
state as shown in Fig. 1.32. In about 191 1 , a Swedish scientist. A. Atterberg. developed 
a method for describing the limit consistency of fine-grained soils on the basis of 
moisture content. These limits are the liquid limit, the pins tie limit , and the shnnkege 
limit. 

The liquid limit is defined as the moisture content, in percent, at which the soil 
changes from a liquid slate to a plastic stale. The liquid limit is now generally deter- 
mined by the standard Casagrande derice (Casagrande, 1932, 1948). The moisture 
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Fig. 1.32 Consistency of cohesive soils. 
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0-44) 

P( = LL - Pi 

where LL is the liquid limit and PL the plasuc limit. 



1 5 2 Liquidity Index 

Tta relative cohsistehcy of a cohesrve soil can be defined by a ratio called *e H-idl* 
index LI. It is defined as 

^ w, v -PL _ w , v -PL (1.45) 

where Ly is the rlral moisture contma, U - 

“ LL ■ lhi " ^ 'T^'forVnaturrsoU deposit which is in a plastic state (i.e.. 

'If; “ Tn)°^ value" of Ore liquidity index vanes between 1 and 0. A natutO 
a > w„ > PL) ore ^ hjve H y , ndJX pe3ls[ Oran 1 . In an undisturbed 

“,e Sr“'e sous may be stable; however, a sudden shock may transform them 
a liquid state. Such soils are caUed rertsinve ctoj* 



1.5.3 Activity 
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Plasticity index 



Fig. 1.33 Variation of pLuaciiy 
index with the percent of cby-size 
fraction. 




et al. (1964i>). Tney concluded that although PI bears a linear relation to clay-size 
factions, the line of correlation may not pass through the origin. 

For practical purposes, it seems convenient to define activity as 



WO 

riC 



(147) 



Activity has been used as an index property to determine the swelling potential 
of expansive clays (Sec. 1 .8.2). 



1.6 SOIL CLASSIFICATION 

Soil classification is the arrangement of sous into various groups or subgroups to 
provide a common language to express briefly the general usage characteristics without 
detailed descriptions. At the present rime, two major soil classification systems are 
available for general engineering use. They are the unified system, which is described 
below, and the AaSHTO system. Both systems use simple index properties such as 
grain-size distribution, Uquid limit, and plasticity index of soil. 

1.6.1 Unified Soil Gassification System 

The unified system of soil classification was originally proposed by A. Casagrande in 
1942 and was then revised in 1952 by the Corps of Engineers and the U.S. Bureau of 
Reclamation. In its present form, the system is -widely used by various organizations, 
geotechnical engineers in private consulting business, and building codes. 
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Initially, there are two major divisions in the system. A soil is classified as a coarse- 
paired soil (gravelly and sandy) if more than 505: is retained on a No. 200 sieve and 
^ a fine-grained soil (silty and clayey) if more than 50% us passing through a No. 200 
neve. The soU is then further classified by a number of subdivisions, as shown in 
Table 1.7. The following symbols are used: 

C: gravel h': well -graded 

S: sand P- poorly graded 

C: clay H: high plasticity 

M: silt L: low plasticity 

O' organic silt or clay 
Pr. peat and highly organic soil 

Example 1.2 For a soil specimen, given: 
passing No. 4 sieve = 92% passing Nc. 40 sieve = 78% 
passing No. 10 sieve = 81% passing No. 200 sieve = 65% 
liquid limit = 4g plasticity index = 32 

Gassify the soil by the unified classification system. 

Solution Since more than 50% is passing through a No. 200 sieve, it is a fine- 
graned soil, i.e., it could be ML.CL.OL.MH, C//, or OH. Now, if we plot LL = 48 
and PI = 32 on the plasticity chart given m Table 1 .7, it falls in the zone CL. 

So the soil is classified as CL. 

1.7 COMPACTION OF SOILS 

1 .7.1 Theory of Compaction and Proctor Compaction Test 

Compaction of loose fills is a simple wav of increasing the stability and load-bearing 
capacity of soils, and this is generally achieved byusing smooth-wheel rollers, sheepsfoot 
rollers, rubber-tire rollers, and vibratory rollers. 

In the compaction process, loose fills axe placed in small lifts. Water is then 
added to the soil to serve as a lubricating agent on Ihesoil particles. With the application 
of compacting effort, the soil particles slip over each other and move into a densely 
packed position. The effect of increasing the moisture content is demonstrated in Fig. 
134. A silty clay when compacted dry with a compaction effort of 12375 ft lb/ft 3 
(593 kl/m 3 ) can be compacted to a unit weight of 85 lb/ft 3 (13.4kN/nr)- However, 
as the moisture content is increased under the same compactive effort, the weight 
of soil solids in a ur.it volume gradually increases. A peah is reached with a moist unit 
weight of about 125 lb/ft 3 (19.65 kN'm 3 ) at a moisture content of about 20%. So 
the dry unit weight attained by adding water is 

y. — -2— = 12 — = 104.17 lb/ft 5 (1638 kN/m 3 ) 

1 + w 1+0.2 
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Houxve,. the nature uVe. up ft' sp.ee that might tuve been ocou P .ed by 
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_ ° H) 
The mlu^ urn, weight a pven moisture con.en, with zero air void, can 
be given by [ Eq . (1 -17)) 

G,7w GiTw _ • (1.48) 

Tuv ” 1 + e 1 + wG, 1 /G, + w 

where *y is the zero-air-void unit weight (dry). . p- . u 

^^TheltaUne of the variation of y M v w i t h moisture content is also shown tn Fig. 1 .35. 

Proctor compaction test. A s.andardlabora.oty .oiUomp.etion res, iwu 

of three layers or soil in a mold that ( ) i 2 -in (304.8-mm) 

can be determined as 



7m oi st 



weight of moist soO in the moid 
volume of mold 



where w is the moisture content of soil. of soil By 

^sssss&sxsssass^ 

most important of which are the type and 

size distribution, and the amount and type of day miner* presen , ^ Q tivt 
the y, vs . moisture con.en. plot, for eight different sods. Note All the CMV* 
effort for all the soils i. the same (standard Proctor compaction test) and equal 



1 





PoojJy gsaded sands, g/avetly sands (Lillie Noi meeting the two criteria foi SW 
oi no fines) 



fine ginned soils (pejCent passing No. 200 sieve 
grejltM (hail 50%) 




O 



i- 

o 






J9 



( Aticibtiig limm above '"A’' line and plasiieity index belwten 4 and 2 a/c buidcfline cjscj. Il needs dijal symbols. 
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Moisture et>«ter*t. % 



Fig, 1,34 The moisture cprs'cni v$, unit weigh; relationship indicating the increased ur.il weight 
resulting from the addition of water and that due to the compaction effort applied (Redrew 
c'.rrr A u . Jc*’ tsen end J. F. Sslibcrg. Fcac~ Ir-p.uertdr-t. Cof.pr.c dor, Tc:: Re.iula. Highway 
Research Boa id, Bulletin 319. 1962 .) 




VN/m 



Dry unit weight. IbMt 
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Zero iir VO’dl 

G, = 2.65 



Moisture content, % 



»'"»•*« UK 

*»t*' fodre M"Cv >©#'- 

l«r* i-'l» «'»Y 



Fig. 1.36 Moisture content vt dry unit 
weight relationships for eight soils 
according to AASHTO method T-99. 
(Note: Hb/fl’= 159.21 N/rn’.) (AJter 

A U'. Johnson and J. R. Sallberg, Factors 
Influencing Compaction Test Results, 
Highway Research Board. Bulletin 319, 
1962) 



(5.5 Ib/blow) (3 layers) (25 blows/la yer) (1-ft drop) _ ^ , 7 ^ f , . lb/f .3 

Tf? 

30 

(~ 593 kJ/m 3 ) 

The effect of compactive effort on the dry unit weight vs. moisture content relation 
is shown in Fig. 1 .37. With increasing compactive effort the optimum moisture content 
decreases, and at the same time the maximum dry unit weight of compaction increases. 

With' the development of heavier compaction equipment, the standard Proctor 
test has been modified for better representation of field conditions. In the modified 
Proctor test (ASTM designation D-1577 and AASHTO designation T-180), the same 
mold as in the standard Proctor test is used. However, the soil is compacted m five 
layers with a 10-lb (44.5-N) hammer giving 25 blows to each layer. The height of drop 
of the hammer is 18 in (457.2 mm). Hence the compacbve effort in the modified 
Proctor test is equal to 

(25 blows/laver) (5 layers) IQ lb/blow) (1 -5-ft drop) _ ^ 7< . pf( 



(S2694 kJ/m 3 ) 

Conducting Proctor tests in sandy and gravelly soils is rather tedious because of 
lack of control over the moisture content. The nature of the dry unit weight vs. 
moisture content plot for a sand is shown in Fig. 138. With increasing moisture 
content, the dry unit weight gradually decreases and then increases up to the optimum 








Dry unit wiiigM. ■&/" 




?\l. \ .37 Effect of compacuve effort on dry unit "right vs. moisiure 




Dry unit weight, kN/m 
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moisture content. The decrease of dry unit weights obtained at lower moisture contents 
is a result ot the effect of capillary tension in the pore water. The capillary tension 
-< resists the movement of sod particles and thus prevents the soil from becoming densely 
packed. 



1.7.2 Harvard Miniature Compaction Device 

The Harvard miniature compaction device is used in the laboratory for compaction 
and preparation of soil specimens that are mosdy used in research work. Unlike the 
Proctor test, the compaction is achieved by kneading. The volume of the mold of the 
Harvard miniature compaction device is f; 3 (62.4 cm 3 ). A tamper with a calibrated 
spring delivers the static pressure to the sod layers. The spring pressure may be 201b 
(89 N) or 40 lb (1 78 M). The number of layers of sod in the mold and the number of 
tamps can be varied, thus varying the energy of compaction per 'unit volume of sod. 



1.7.3 Effect of Organic Content on Compaction of Sod 

Sods with high percentages of organic content are often encountered during construc- 
tion work. Increase of organic content in a soil tends to decrease the ma_ximum dry 
unit weight of compaction and increase the compressibility of the soil, tendencies 
which are not desirable in Lhe construction of foundations, embankments, etc, Franklin 
et al. (1973) studied the effect of organic contents on the strength and compaction 
cnaracterLstics ot mechanical mixtures of inorganic sods ar.d peat and of natural soil 
samples with the same organic content. Tne mineralogy of the inorganic fraction of 
these samples was reasonably the same. Samples for these tests were compacted in 
the Harvard miniature compaction device with three layers, 40-lb spang force, and 
40 tamps per each layer. Figure 1 39 shows the variation of the maximum dry unit 
weight ol compaction with the organic content, and the variation of the optimum 
moisture content with the organic content is shown in Fig. 1 .40 The organic content 
0 fot these soils is defined as 

toss of dry weight due to heating the soil from 105 to 40O°C 

O = - ■ r (1.49) 

dry weight (at 10S C) 

Two major conclusions can be drawn from Figs. I 39 and 1 .40. (1) If the organic 
content in a given soil is more than about 10%, Lhe maximum dry unit weight of 
compaction decreases considerably. (2) The optimum moisture content increases with 
the increase of organic contents of soil. 




1.7.4 Field Compaction 

The degree of compaction achieved ir. Lhe field by a toller will depend on several 
factors that include: 

1 . Thickness of list. 

2. Area over which the pressure is applied. 
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Orcsnic content. % 

Ftg.. 1.39 Maximum dry uni! weight vj. erptnic cement for all compaction tests. (Note llS/n’ = 
153.21 N/m 5 .) (Redrawn after A. F. FranUin. L. F. Orozco , and R. Semrex ,. Compaction of 
Slightly Organic Soils. J . Soil Mech. Found. D"'., ASCE, vo/. 99. no. SM ’. 1 9 73.; 

3. Intensity of pressure applied tc the soil. 

4. Type of roller. 

5. Number of roller passes. 

The growth curve during the field compaction of a lean clay is shown in Fig, 1 .41 . 
It dan be seen that the dry unit weight of the soil gradually increases with the increase 
of the number of passes of a roller. After about eight to ten passes, the increase in 
y d of the soil is rather negligible. In most casts, the maximum economically attainable 
dry unit weight is achieved with about ten roller passes. 

Vibratory rollers are particularly useful for compacting granular soils . Self-propelled 
and towed vibratory rollers- of various sizes, weights, and vibration frequencies are 
available. The vibrations are generally produced by rotating an off-center weight. 
Vertical vibrations can be obtained by using two synchronized counter-rotating 
weights, as shown in Fig. 1 .42. At any given instant, the horizontal forces developed 
by the counter-rotating weights are canceled out. Figure 1.43 shows the nature of 
compaction of a dune sand achieved by a vibratory roller after five passes. The low 



Optimum moisture content. 
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O'gsmc content, % 

Fig. 1.40 Effect of diving history and organic content on optimum moisture content (After 
A F Franklin. L. F. Orcieo, and R Semrcu. Compccnon of Slightly O'gamc So’ls. J. Soil Mech. 
Found. Di>‘.. ASCE, 9?, no. JM7. 1 9 73 ] 



•v unit weight that remains in the uppermost zone is due to vibration and lack of confine- 

► ment in sand. Figure 1.44 shows the compacted unit-weight profiles for 8-ft lifts of 

the same dune sand (Fig. 1 .43) for 2, 5, 15, and 4 5 roller passes. For field compaction 
work, the specification requires that the granular soil be compacted to a certain 
minimum relative density' at all depths. Determination of the height of each lift 
depends on the type of roller and the economic number of passes. The method for 
determination of the lift height is shown in Fig. 1 .45. 
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Fij. 1.43 Unit weight v». depth [elation for vibratory toller compaction. (Redrawn after D J. 
D'Appolonia, R. V. Whitman, and E. D'Appolonia. Sand Compaction with Vibratory Rolleri, 
i. Soil Mech. Found. Div., ASCE. vol. 9$. no SMI. 1969.) 



Depth. It 
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Dry unit weight. ItN/m 1 

Fij. 1.44 Compacted unit weight profdet for 3 -ft (2.4 4-m) lift heights for 2, j. 1 S. and 4 5 vibratory 
roller passes (Redrawn after D. J D'Appolonia. R. V. Whitman, and E. D'Appolonia. Sand Com- 
paction with Vibratory Rolltn. J, Sod Mcch. Found. Div.. aSCE. vo/. 95.no. SMI. 1969 ) 

1 .7 .5 In-P!ace Densification of Granular Soils 

Several new techniques -such is the Terra-Proble method, Vibroflotation, blasting, 
and building sand compaction-piles— have been successfully used for compaction of 
in situ granular soils. In this section, the vibroflotation and blasting techniques will 
be treated in some detail. 

Vibroflotation. The vibroflotation technique, which is patented by the Vibroflotation 
Foundation Company, is most suitable for the range of soil gram sizes shown in Fig. 
1 .46 The process involves the use of a device called a Vibroflot, which is a cylindrical 
piece of equipment about 6 it (=7 m) long, 1 5 in (=400 mm) in diameter, and weighing 
about 40CC!b (= l 7 .3 k N). An eccentric weight inside the cylinder develops a centri- 
fugal torus oi about 10 tons (89 k.M) at 1800 tpm. The device has water jets at the top 





Pnrcnnt finer 
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demiry. % Restive density. \ 




f-'jf. l.<5 Approximate method for dtltrnininf lift height required ic achieve , rrur.irr.un com- 
pacted idati'e density of 1S% u-ith five toller passes using data for a large lift height. (Note 
) ft = 0.3WB m 1 /After D. J. D 'Appoionie. R. V Whitman, end £. D'Appolomc. Sene Com pee non 
w ; h Vib'dory J Soil Mech. Found Di' - .. A5CF,vr>/ 55 no. SMI, ? c 5? j 




Fig. 1.46 Range cf panicle size distribution suitable for denstfi cation by VibrorioUtion. (After 
J. K. Mitchell, In-piect Trtarmeni of Foundation So<b, J. Soil Mech. Found. Div., ASCE, voi 96. 
no. SMI, 1970.) 
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and bottom, these have a flow rate of 60 lo 80gal/min (0.2274 to 0.303 m /min) at 
a pressure of 60 to 80 lb/ft 3 (41 5 lo 550 kN/m 3 ). The compaction process is illustrated 

in Fig. 1 .47. . . 

The Vjbrofiot sinks into the ground at the rate of 3 to 6 ft/min (= 1 to a m/min). 
When the desired depth is reached, the top jet is turned off.The device is then withdrawn 
at the rate of 1 ft/min (=03 m/min) and sand is added from the top. 

Examples of several VjbroDotation applications have been summarized by Mitchell 
(1970). h a regular working day, compaction of 10,000 to 20,000yd 3 (=2550 to 
5100m 3 ) is not uncommon. 

Blasting. The range of soil grain sizes suitable for compaction by the blasting method „ 
is the same as for VihroflotaUon (Fig. 1.46). In this method, compaction is achieved 
bv successive detonations of small explosive charges in saturated soils. Relative densities 
of 70 to 80% up to a depth of 60 to 75 ft (*20 to 25 m) can be achieved. In this 
method, explosive charges (60% dynamite, 30% special gelatin dynamite, and ammonite 
arc most commonly used) are placed at about two-thirds the thickness of the stratum 
to be densified. The spacinp of the charges vary from 10 to 25 ft (=3 to 8 m). Three 
to live successive detonations of several spaced charges are usually required to achieve 
the desired compaction. Repeated shots arc more effective than either a single large 
one or several small ones detonated simultaneously. The shock waves due to blasting 
cause liquefaction of the saturated sand, followed by deiuification. Practically no 
compaction is achieved in the top 3 ft («= 1 m), and so this zone usually needs iccom- 
paction by rollers. Mitchell (1970) has tabulated several projects where blasting has 
been used for dcnsificaticn. 

The relation for the weight of charge and the sphere of influence for compaction 
can be given (Lyman, 1942; Mitchell, 1970) by the approximate relation 

tV = C /? 3 

where U' = weight of charge, lb 

R — sphere of influence, ft 
C = 0.0025 for 60% dynamite 

If blasting is lo be used in dry or partly saturated soils, preflooding is desirable. 

1.8 VOLUME CHANGE OF SOILS 
1.8.1 Shrinkage and Swelling of Clay 

Qay soils undergo a volume charge when the moisture content is changed; decrease 
of moisture content will cause shrinkage, increase of moisture content will result in 
swelling. The degree of change in volume depends on factors such as type and amount 
of clay minerals present in the soil, specific surface area of the day, structure of the 
soil, pore-water salt concentration, xalcnce of the exchangeable cation, etc. Urge 
volume changes of soils have resulted in extensive structural damages. 
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The swelling of clays results from the increase in the thickness of the diffuse ion 
layer as water is supplied. Monovalent exchangeable sodium ions will cause greater 
swelling than divalent calcium ions. 

Figure 1.48 shows the axial shrinkage of a silty clay soil. The shrinkage in this 
case was measured after compacting the samples at various moisture contents. Figure 
1.49 shows the swelling pressures developed in a compacted sandy day soil when 
samples were confined to approximately constant volume by means of compaction 
molds and pistons on their upper surfaces. For these tests, free access o: water was 
given to the samples. 

1.8.2 Swelling Potential of Clay Soils 

Because of the potential hazards to foundations constructed on soils that undergo high 
volume change, there is a need to identify such soils. A number of attempts have been 
made by various investigators to develop a reliable method for their identification 
(e.g.. Holtz and Gibbs, 1956; Bruin, 1961; Jenrungs and Knight, 1958; Seed et al., 
1962; Nayak and Christensen, 1971). 

Seed et al. (1962) conducted several tests on laborator/compactei sand-clay 
mineral mixtures to determine their swell potential. Swell potential is dermed is the 





Fig. 1.43 Axial shnr.xige of i sO ty 
clay. (Redrawn after H 8. Seed and 
C. K. Qian. Snucrart and Srrenfih 
Oiaraciemncz of Com.^aed Oa'/t. 
J. Soil Mtcn. Four.a. Div., ASCE, 
vol. 35.no SM5. 195/ J 






O ry unit wnighf. Ib/O’ S«vrII pre«»uro. Ih/ft 
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Mo<£ine v.-a:tt content, % 




Molding w«tff content. V 



Fig. l.<9 Influence of molding uatei 
content on swell pressure of a sandy ciay. 
(After H. R Seed end C K Chan, Structure 
and Strength Characteristic: of Com, pec ted 
Ccys, J. Soil Mech. Found. Div., ASCL, 
to/ 95. no. SMS. 1959) 




percentage of iwei! under a 1 -psi (6: 9-kN/m 3 ) surcharge of a laterally confined specimen 
compacted at optimum moisture content to maximum dry density in the standard 
AA.SHTO compaction lest. Based on these tests, a well-defined relationship was 
established between the swell potentiai, the activity, and the percent of clay fraction 
QeiS'than 2 tern size) in the soil : • j. 

5 = (3.6X 10‘ S )^'“* 4 C J - M 0-51) j 

where 5 = swell potential (percent of axial swell under 1 -lb/ft 5 pressure) 

C = percent of clay fraction, by weight ! 

A = activity = A (P/)/AC 

Equation (1 .51) was further extended for an empirical relation between the swell 
potcnbal and plasticity index of soil: 

5 ~ A' (60) (TV) 5 - 44 | 

where A' = 3.6 X 1 0“ 5 , or j 

5 =* (2.1 6 X 10’ 3 ) (F/) J ’“ (1.52) 

Conforming to the USER practice to describe a soil on its sw-elling capability, 

Seed et al. made the following classification: 



Degree of expansion 


5 


Low 


0-1 A 


Medium 


1.5-5 


Hi£b 


5-25 


Very hi^h 


>25 



V 
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Figure 1 50 shows the classification chart for the swelling potential. 

Rarganatham and Sat vanarayana (1965) have suggested a correlation for the swell 
potent, al similar to that given by Seed et al. Thrs is based on shrinkage rnoex swell 
activity, and the percentage of clay-size fraction in the soil. The shrinkage 
is defined as the difference between the liquid Emit and the plastic limit of soil. The 
shrinkage index bears a linear relation to the percent of the clay-size fraction by 
weight present in soil. This is shown in Fig. 1 .51 .Swell activity SA is defined as 



The correlations for swell potential given by Ranganalham and Satyanarayana are 



S = (4.57 X 10’ s ) (5>5) : 67 C ! “ 
S = (41.13 X 10’ J ) (5/) : 67 




Percent ct day traction (<0.002 mm) 

Fic. 1.50 Classification chart for swell potential. (Redrew after H. B. Seed. R. J. Woodward 
end R~ Lundptn. Prediction of Swelling Potential for Compacted Ocys, 1. Soil Mech. Found. 
Div.. ASCE.vo;. 88, no. SMS. 1962.) 
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The classifications foe decree of soil expulsion based on the shrinkage index are 
as foUows: 



Depee of expansion 


SI 


Low 


0-20 


Medium 


20-30 


Hijh 


30-60 


Very hi-h 


>60 



pressure or neutral stress, u. From Fig. 1.52a, 

■“ = 7wAj Cl -5?) 

The other part is the stress carried by the soil structure and is called the effective 
stress o'. Thus 

o = o' + u (1.58) 

Combining Eqs. (1 .56) to (1 .58), 

o' = o-u = (/i ,7 +/»,7 a J -/i,7 w = /i,7 + A.(7 gl ,-7w) 

= ^i,7 t >1,7' (1 j 9 ) 

where 7' is the submerged unit weight of soil, 7 ul — 7 W . 

For dry soils, u ~ 0, so 0 = o‘. 

In general, if the normal total stresses at a point in a soil mass are 07, o 7 , and o 3 as 
shown in Fig. 1 .53, the effective stresses can be given as follows: 




1.9 EFFECTIVE STRESS 

1.9.1 Effective Stress Concept in Saturated Soils 

Terzaghr (1925, 1936) was the fust to suggest the principle of effective stress. According 
to this, the total vertical stress a at a point 0 in a soil mass as shown in Fig. 1.52a 
can be given by 

a =/j i7 +Aj 7 b1 (1.56) 

The total vertical stress o consists of two parts. One part is carried by water and 
is conunuous and acts with equal intensity in all directions. This is the pore water 
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soil solid 




Total area = A $ 



Fij. U2 Effective-stress concept. 
la) Section, to > Section at tu level 
of O. (c) Forces earned b / soil 
soLils at (heir place of contact- 
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Fig. 1 .5 3 Normal loul siresses in a soil mass. 



In direction 1 , o’, = o, - u 
In direction 2, oj = o 2 — u 
In diteclion 3 , o' 3 = o 3 — u 



where o’,, a\, and o’j are the effective stresses and u is the pore water pressure, hy w . 

The principle of effective stress [Eq. (1 .58)] is one of the most important findings 
in soil mechanics. The present developments on compressibility of soils, shear strength, 
and lateral earth pressure on retaining structures are all based on the effective stress 
concept. 

The term effective stress is sometimes used interchangeably with the term inter- 
granular stress by soils and foundation engineers. Although the terms are approximately 
the same, there is some difference. In order to sisualiie the difference, first refer to 
Fig. 1 32. The total vertical force F at the level of 0 in Fig. 1 .52^ is the sum of the 
following forces'. 
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1 . The force carried by soil solids at their point of contact, F This car. be seen by 
considering a wavy surface XX which passes thjough the point 0 and the points 
of contact of the solid particles. F u F 3 , F 3 , ... are the resultant forces acting at 
the points of contact of the soil solids. So, 

F s=F\ (i:) + /r j(v) + F 3(U) + • 

where F^^F^^F ^ , are the vertical components of the forces F,,F : ,F 3 

2. The force carried by water, F v . , 

F w = u(A ~A s ) 

where u = pore water pressure = y^.h 3 

A = gross area of cross section of soil (Fig. 1 .526) 

A s = area occupied by soil solid -to -solid contact (Fig. 1 .526) 

3. The electrical attractive force between the solid particles at the level of 0 , F A 

4. The electrical repulsive force between the solid particles at the level of 0, F R . 

Thus, the total vertical force is 

F = F t + F w - F a + F R 
A A A A A 

where o is the total stress at the level of 0, and so 

o = o, t + u ^1 — ~ A ' ^ F' = o tg + «/(l - a) -A' + R' 

where o jf = FJA = intergranular stress 
o = AJA 

A ’ = F A IA ~ electrical attractive force per unit area of cross section of soil 
R' = F r /A = electrical repulsive force per unit area of cross section of soil 



o lS = o-u(l -a) + A’-R' ( 16 °) 

The value of a in the above equation is very small in the working stress range. We 
can thus approximate Eq. (1 .60) as 

0] = a - u - A '+ R' (1-61) 

For granular soils, silts, and clays oflow plasticity, the magnitudes of A ' and R' 
are small; so, for all practical purposes , the intergranular stress becomes 

o u *c-u ’ 0 - 62 ) 

For this case, Eqs. (1 .58) ami (1 .62) are similar and o' = o^. However, if A' — R 
is large, o lf =£ o’. Such situations can be encountered in highly plastic, dispersed clays. 
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1 .9.2 Critical Hydraulic Gradient and Boiling 

Consider a condition where there is an upward flow of water through a soil layer, 
as shown in Fig. 1 ,54o. The total stress at a point 0 is 

a = h l7lv + /ijTat 0-63) 

where 7tat is the saturated unit weight of soil. The pore water pressure at 0 is 

u=(A l +*,+*)7 w (L64) 

and the effective stress at 0 is 

a' = a-u=-{h ll „ + h i y sll )-{h l +h 1 + x)f w 

(1 - 6S) 

If the Dow rate of water through the soil is continuously increased, the value of 
* will increase and will reach a condition where o' = 0. This condition is generally 
referred to as boiling. Since the effective stress in the soil is zero, the soil will not be 
stable. Thus 

o' = 0 = hif' -JT7- 

. _ * _ 7 (1.66) 

Of *a*r 

*2 7w 

where i er is the critical hydraulic gradient. 




Fig. 1.5+ Cn acai hydraulic gradient ind bailing. 
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Rock 



Fig. i .55 

Example 1 .3 The sand layer of the soil profile shown in Fig. 1 .55 is under artesian 

rr u \- 0ch 15 t0 bi excav3ied b U P to a depth of 4 m. Determine 

the depth of water h to avoid boiling. 

SOLUTION Referring to Fig. 1 .55. at 0 the total stress is c = hy w + 2 7ci4 , and 
the pore water pressure is u = 5 7kW . For boiling, the effective stress o' = 0 So 
+ ^7 cliy - S 7lv = 0,and ’ ' 

_ 5 7^-2 7 . Uy 5(9.81) -2(1 3) 

h = r = i_3j m 

7w 9 31 

1.9,3 Effective Stress in Unsaturated Soils 

The ct fee live stress relation for saturated soils was given in Eq. (1,58) as o' = c - u 
p unsa ' urated sod5 . ^e void spaces are occupied both by water and by air (Fig 1 56) 

r° ir^oT' ih< is,jaijon for ihe 5iT<c “ v ' i,ra! may bt modin<ij to " 3d « (Bishop 

+ ( |. 67) 
where u a = pore air pressure 

u w = pore water pressure 

X - fraction oi unit cross-sectional area of soil occupied by water 

deter F m°LTr tCd ^ * = 1 * * nd ?0f dry S0lk X = 0. Bishop er ai. (I960) have 
1 ' the nature ol the vanation of x with the degree of saturation for several 

soils, cased on the lf tnaxia] test res-ulis for unaa curated sod soecimens 
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Soil solid 



Fig. 1-56 Effective stress in partially 
saturated ?ci) 



nil sndC =i61 Calculate the porosity, dry unit 

'jx&jzsxzz «... — - - - » 

^ — - *«. r ' ht rt,r 
ivrrr^ at* - i* 

T r ,lt w "-\v r*r.rs 

Of 18%, Uhl, is the relative density of the compacted soil. p-tr. 3 • . m.n 

C 5 =2.65? 

1 < For Pi ob 1 «. what is the relative compaction’ 
of eradauon. 



Miss cf soil retained 
or, each sieve. 



US. sieve No. 



* ou)d you consider tius to be a graded soil’ Dtltr mine , he p£tccnl of 

1-7 The gntin^ize distribution curve for » sod “ ^ T soiHcpa rate size limits 

pnvtl, sand, silt, and day present in this sample according . 

i Silty day, tht liquid tail is 55. 0.. itofe tail !« 15. and the PtttOO fi«« 

than 0.002 mm is 29%. Estimate iu activity. 
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Calculate the zero-air-void unit weights y Iav for C t - 2.68 and with the moisture content w 
varying from 0 to 20%. Plot your results on a graph h,„vi. w). 

1.12 For a clayey toil. LL =* 65 and PL - 31. What wtjuld be iu swell potential? How would you 
y.l-, classify this, based on the degree of expansion -low, medium, high, or very high? 

; , . 1.13 a soil profile is shown in Fig. PI. 2. Draw the variation of total stress, pore water pressure, 

. utd effective stress with depth. Use SI units for your calculations. 





1.14 A trench is to be excavated in a clay layer as shown in Fig. Pl.l. The sand layer below the 
clay layer is under artesian pressure. What is the maximum depth H of the trench excavation 
beyond which boiling would occur? 




Rocx 



Fig. PI. 3 
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Any P vc„ mass of so., consrsts of solid p.*d« "" 

v°ii «?»«•■ Tht connnuou. vo>d * («« ' n a « ^ ^ ptopet ,y of 

Of high energy to a point of low energy ? > nnectcd VOid spaces. This 

p— * - now " 

through soils. 

2.1 PERMEABILITY 




0 




2.1.1 Darcy’s Law 

m .0 obtain a fundamcnU, ^ ^ 

mats under a given condition, consider a cast as shown rig. 

™ - « - -- in *■ soi ’ 

can be given by 

Total head = titration head + pressure htad + vtlocity htad ( ■ 

Th- vtlocity htad fo, now through soil ts very small and can bt ntg.cc.cd. So, the 
total heads at sections A and B tan bt given by 
Total head at A = i A + h A 
Total head at B = z B + h B 

where ,< and a s art the elevation heads, and and art tht pressure heads. 
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Fig. 2.1 Development of Darcy’s law. 



The loss of head between sections A and B is 

={z A + h A )~ (z fl + ij) ( 2 2 ) 

The hydraulic gradient i can be written as 

i = - . (2J) 

L 

where L is the distance between sections A and B. 

Darcy (1856) published a simple relation between the discharge velocity and the 
hydraulic gradient: 

u-tf U.4) 

where u = discharge velocity 
i = hydraulic gradient 
k = coefficient of permeability 

Hence, the rate of seepage q can be given by 

q-UA ( 2S > 

Note that A is the cross section of the soil perpendicular to the direction of flow. 

The coefficient of permeability k has the units of velocity , such is cm/s or mm/s. 
and is a measure of the resistance of the soil to flow of water. When the properties 
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of 'water affecting the flow are included, we can express k by the relation 

k (cm/s) M 

where K = intrinsic permeability , cm 7 

p = mass density of the fluid, g/cm 3 

g = acceleration due to gravity , cm/sec* 

p = absolute viscosity of the fluid, poise [that is, g/(cm -s)] 

It must be pointed out that the velocity u given by Eq. (1.4) is the discharge 
velocity calculated on the basis of the gross cross-sectional area. Since water can flow 
only through the interconnected pore spaces, the actual velocity ot seepage through 
soil, u, ,can be given by 




n 



where n is the porosity of the soil. 

Some typical values of the coefficient ot permeability are given in Table 2.1 . 

The coefficient of permeability of soils is generally expressed at a temperature of 
2Q°C. At any other temperature T, the coefficient of permeability can be obtained 
from Eq. (2.6) as 

*20 = (P:o)(Pr) 
kr (Pr)^:o) 

where k-f-.k-Q = coefficient of permeability at T ° C and 20 C, respectively 
Pt.P i 0 = mass density of the fluid at T°C and 20 C, respectively 
Pj. = coefficient of viscosity at T * C and 20 J C . respectively 

Since the value of p :o /p T is approximately 1 . we can write 



k ->a ~ k- 



Table 2.2 gives the values of p r /p ja ! ' or a temperature T varying from 10 to 30°C. 



Table 2.1 Typical valuta of coefficient of permeability for 
virions soils 



Material 


Coefficient of 
permeability, mm/s 


Coarse 


o 

o 

o 


Fire gravel, coarse and medium sand 


IQ-’ to 10 


Fine sand, loose silt 


10- to 10- 


Derue nil, clayey sill 


10 H 10 10- 


Silty clay, clay 


10" to 10- 
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Table 2.2 Values of 



Temperalure 

r,*c 


“rSo 


Temperature 

7. * C 


y r“z0 


10 


1.298 


21 


0.525 


11 


1.263 


22 


0.952 


n 


1.228 


23 


0.930 


13 


1.195 


24 


0.908 


14 


1.165 


' 25 


0.881 


15 


1.135 


26 


0.861 


16 


1.106 


29 


0.847 


n 


1.02 8 


28 


0.829 


18 


1.051 


29 


0.811 


19 


1.025 


30 


0.753 


20 


1 000 







2.1 .2 Validity of Darcy's Law 

Darcy’s law given by Eq. (2.4), v = fcf.is true for laminar flow of water through the 
void spaces. Several siudjes have been made to investigate the range ever which Darcy's 
law is valid, and an excellent summary of these works was given by Muskat (1 937). 

A criterion for investigating the range can be furnished by Reynolds number. For 
How- through soils. Reynolds number R n can be given by the relation 

uDp 

/L= (2.9) 

u 

where u = discharge (superficial) velocity, cm/s 

D = average diameter of the soil particle, cm 
p = density of the fluid, g/cm 3 
u = coefficient of viscosity, g/(cm • s)) 

For laminar flow conditions in soils, experimental results show that 

vDp 

/?„ = <1 (2.10) 

p 

With coarse sand, assuming D = 0.45 mm and making use of Eq. (2.70), we have 
k = ! 00D 3 = 100(0.04 5) J = 0.203 cm/s. Assuming i = ], then u = ki = 0.203 cm/s. 
Also, Pwjtcr ** 1 &/cm 3 . and p^c ~ (10^X981) g/(cm - s). Hence 



(0 .203) (0.04 5) ( 1 ) 
(10' s )(9S3) 



= 0.931 < 1 



From the above calculations, w-e can conclude that, for flow of water through 
all type* of soil (sand, silt, and clay), the flow is laminar and Darcy’s law is valid. 
With coarse sands, gravels, and boulders, turbulent flow of water can be expected, 
and the hydraulic gradient can be giver, by the relation 
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( 2 . 11 ) 

i = av + ou 

where o and b ere experiment constants (set Forchheimer 1902.ro, 

Up. 0973) summarised a number or works coneerned with the determination 

or 0 k ve octv of now through dean gravel and rocks All 

agree Ota, Ore average velocity cl Few through the vo.d spaces can be given b> the 
relation 

( 2 . 12 ) 

•Jy = C /?« S » 0 ' 4 

whe-c u = average velocity of flow through voids 

c = a constant which is a function of shape and roughness of rock part.clr, 

R h = hydraulic mean radius 
r = hvdraubc gradient 

2.1 .3 Factors Affecting Ore Coefficient of Permeability 

The COST, cienl of permeab.liry depends on several factors, most of which are bsled 
below. 

Shape and size of the soil particles. 

X y n ,rf I3t i P Pcrmtabilitv increases with increase of void ratio. 

• X LL of sLraoon. Permeability ,nc, eases ««, me, ease of degree of saturahom 
" ^e vanation of the value of t «'ith degtee of satu.aUon for Madison sand , 
shown in Fig. 2.1. Figure 2 3 shows the effect of the degree c, saturation on the 




Dea-ee o! wxurMion. % 



Madison sand. 







Q 

’ x i 






o 
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Degree of saturation, % 



Fig. 2.3 Influence of degree of 
saturation on permeability of com- 
pacted silty clay. (Note: Samples 
aged 21 days at constant water 
content and unit weight after 
compaction prior to test.) 
(Redrawn after J. K. Mitchell, D. 
R. Hooper, and R. C. Campaneda, 
Permeability of Compacted Clay. 
1. Soil Mech. Found. Div.. aSCE, 
vo/. 91.no. SM4, 1965.) 



value of k for a silty clay. Note that the silty clay specimens were prepared by 
kneading compaction to a dry unit weight of 1 08 lb/fi 3 (I 6.98 kN/m 3 ). The 
molding moisture contents w were varied. 

4. Composition of soil particles. For sands and sUts this is not important; however, a 
for soils with clay minerals this is one of the most important factors. Permea- 
bility in this case depends on the thickness of water held to the soil particles, 
which is a function of the cation exchange capacity, valence of the cations, etc! 

Other factors remaining the same, the coefficient of permeability decreases with 
increasing 'hickness of the diffuse double layer. 

5. SoU structure. Fine-grained soils with a flocculated structure have a higher coeffi- 
cient of permeabUity than those with a dispersed structure. This fact is demon- 
strated in Fig. 2.4 for the case of a silty clay. The test specimens were prepared 
to a constant dry unit weight by kneading compaction. The molding moisture 
content was varied. Note that with the increase of moisture content the soil 
becomes more and more dispersed. Wiuh increasing degree of dispersion, the 
permeability decreases. 

6. Viscosity of the permeant [see Eq. (2.6)]. 

7. Density and concentration of the permeant. 



2.1 .4 Effective Coefficient of Permeability for Stratified Soils j 

In general, natural soU deposits are stratified. If the stratification is continuous, the ^ 

effective coefficients of permeability for flow in the horizontal and vertical directions I 

can be readily calculated. ✓ ' ,> 



Flow in the horizontal direction. Figure 2.5 shows several layers of soil with horizontal 
stratification. Due to fabric anisotropy, the coefficient of permeability of each soil layer 

may vary depending on the direction of flow. So, let us assume that k h , k hj , 

are the coefficients of permeability of layers 1, 2, 3, .... respectively, for flow in the 
horizontal direction. Similarly, let k^ . k v , .... be the coefficients of permeability 

for flow in the vertical direction. 

Considenng unit width of the soil layers as shown in Fig. 2.5, the rate of seepage 
in the horizontal direction can be given by 

Q = <h + Qi + Qi + • ’ ' + Q n (2.13) 

where q is the How rate through the stratified soil layers combined, and q u dj, flj. • • • 
is the rate of flow through soil layers 1,2.3,.... respectively. Note that for flow in 
the horizontal direction (which is the direction of stratification of the soil layers), 




Fij. 2.4 Dependence of permeability on the structure of a silty clay. (Redrawn after J. K. Mitchell. 
0. R. Hooper . and R. C. Campanella. Permeability of Compacted Clay, i. SoU Mech. Found. Div., 
ASCE, vot, 91. no. SM4 . 1965.) 
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the hydraulic gradient is the same for all layers. So, 

<?i = k h iM y 
9: = Vtf, 

q 3 = (2.14) 



and q - k t(h) iH (2.15) 

where i = hydraulic gradient 

l',(h) = effective cocfncient of permeability for flow in honzontal direction 
= thicknesses oflayers 1 , 2 , 3 , respectively 

H = + H? + 3 + - • • 

Substitution of Eqs. (2.1 4) and (2.1 5) into Eq. (2 )3) yields 
J; f ( hyH - k h H^ + k h ,H : + k h Ji l x - ■ - 
1 

Hence, ):, (h; = -(/:„//, + + ) (2.16) 

H 

Flow in the vertical direction. For flew in the vertical direction for the soil layers 
shown in Fig. 2.6, 

u = u, = u, = i*j = • • • = u„ (2.17) 

where u h u : . is. ... are the discharge velocities in layers 1,2,3,..., respectively, or 

v = ** («.-)' ~ KJi = K.'i = Kjy = ' " ( 2-1 8 ) 



q 



Fig. 2_5 Flow' in homoota] direction in stratified soil deposit. 
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Fig. 2 6 Flow in vertical direevion 
in s tr a lined soil deposit. 



whtIt k , , « effective coefficient of permeability in v " Uc:J di,tcti ? n . 

K K . . K = coefficient of pemeebOity of Uy« n 1.7,3 "specnvely, fo, 

5 ’ flow in vertical direction 

i u i 7 j 3 = hydraulic gradient in soil layers 1,2,3,..., respectively 

For flow at right angles to the direction of stratification, 

Total head loss = (head loss in layer 1) + (head loss in layer 2) + • • ' 

(2.19) 

or ///==;,//, + + + 

Combining Eqs. (2.18) and (2.19) 



2.1 .5 Determination of Coefficient of Permeability in the laboratory 
The lout most common laboratory methods for detemuni n, the coefficient of pemrea- 
bility of soils are the following: 
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1 . Constant-head test. 

2. Failing-head test. 

3. Indirect determination from consolidation test. 

4. Indirect determination by horizontal capillary test. 

The general principles of these methods are given below. 

Constant-head test. The constant-head test is suitable for more permeable granular 
materials. The basic laboratory test arrangement is shown in Fig. 2.7 . The soil specimen 
is placed inside a cylindrical mold, and the constant head loss, h . of water flowing 
through the soil is maintained by adjusting the supply. The outflow water is collected 
in a measuring cylinder, and the duration of the collection period is noted. From 
Darcy’s law, the total quantity of flow Q in time t can be given by 

Q = qt — kiA i 

where A is the area of cross section of the specimen. But i = /</£.. where L is the 
length of the specimen, and so Q = k(hjL)At. Rearranging this gives 




hAl 



( 2 . 21 ) 
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Once all the quantities in the right-hand side of Eq. (221) have been determined 
from the test, the coefficient of permeability of the soil can be calculated. 



Falling-head test. The fallingTiead permeability test is more suitable for fine-grained 
soils. Figure 2.8 shows the general laboratory arrangement for the test. The soil 
specimen. is placed inside a tube, and a standpipe is attached to the top of the specimen. 
Water from the standpipe flows through the specimen. The initial head difference 
' n \ at time f = 0 is recorded, and water is allowed to flow through the soil such that 
the final head difference at time t — i is . 

The rate of flow through the soil is 

h dh 

q = kiA =k - A = -a — (2 22) 

L di 

where h = head difference at any time t 
A = area of specimen 
a - area of standpipe 
L - length of specimen 

From £q. (2.22), 
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or k = '.303 - log L. (2.23) 

Al h 3 

The values of o, L, A, t, h t , and h 7 can be determined from ihe test, and then the 
coefficient of the permeability k for a soil can be calculated from Eq. (2.23). 

Permeability from consolidation test. The coefficient of permeability of day soils 
is often determined by the consolidation test, the procedures of which are explained 
in Sec. 5.1 .6. From Eq. (5.25), 

where T u = time factor 

Cy = coefficient of consolidation 
H = length of average drainage path 
/ = time 

The coefficient of consolidation is {see Eq. (5.1 5)] 



where = unit weight of water 

rr\ — volume coefficient o’ compressibility 



.Also, m t . = 



Ao (1 + e) 



where Af = change of void ratio for incremental loading 
Ao = incremental pressure applied 
€ = initial void ratio 

Combining these three equations, we have 

k - A£ — (2.24) 

/ Ao (1 + e) 

For 50% consolidation, T v = 0.198; and the corresponding r« 0 can be estimated 
according to the procedure presented in Sec. 5.1 .6. 



Hence, k = 



0.198-rw Ae H 3 
r 50 Ao (1 + e) 



Horizontal capillary test. The fundamental principle behind the horizontal capillary 
test can be explained with the aid of Fig. 25, which shows an initially dry soil inside 
a horizontal tube. If the valve A is opened, water from the reservoir will enter the 
tube and, through capillary action, the line of the wetted surface in the soil will 
gradually advance — in other words, the distance x from the point 1 is a function Oi 
time t. 
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Substituting Eqs. (2.27) and (2.28) into (226), we get 

dx 1 h + h c 

u, = — = k 

dt nS r x 




+ h c )d< 




2k 

nS r 



{h+h c ) 



(2.29) 



Equation (2 29) is the basic relation used for determination of the coefficient 
of permeability. The degree of saturation of the soil during the movement of the 
water front is sometimes assumed to be 100%. In fact, S, varies from about 75 to 
95% for tests in most soils. 

Figure 2.10 shows the general laboratory arrangement for a horizontal capillary 
test. A brief outline of the steps for conducting the test is given below. 



r. 



■ J; ^ _/ 



1 . Open the valve A. 

2. As the water front gradually travels forward, note the elapsed times r and the 
corresponding distances x traveled by the water front. 

3. When the water front has traveled about half the length of the sample (i.e., when 
x is about L/2), close valve A and open valve B. 

4. Continue to note the advance of water front with time, until x is equal to L. 

5. Gose valve B. Remove the soil specimen and determine the moisture content 
and the degree of saturation. 

6. Plot the values of x 1 against the corresponding time r. Figure 2.11 shows the 
nature of the plot, which consists of two straight lines. The portion Oa is for 




Fig. 2.10 Horizontal capillary p<rmca bilily Cert. 
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Fig. 2.1 1 Plot of x ‘ Against time t m horizontal capillary permeabiLiy test. 

the readings taken in step 2 . ind the portion ab is tor the readings taken in step 4 

7. From Eq. (2 29) we can write 

^2- — (a+aj 0-30) 

lir nS r 

The left-hand side of Eq. (2.30) represents the slope of the straight-line plot ot 
jr J vs. r. 

8 . Determine the slopes of lines Oa and ao. Let these be and m z , respectively . So, 

m,=- (h,+h c ) 031) 

nS r 

and 

*,-4 <?■.+*,> ° J2) 

nS, 

Sine tn,S r ,h u h l ,m u and m, are determined from the test, the above two equations 
contain only two unknowns ( k and/i c ) and thus can be solved. 

2.1.6 Determination of Coefficient of Permeability in the Field 

It is sometimes difficult to obtain undisturbed sod specimens from the field. For large 
construction projects, it is advisable to conduct permeability tests in situ and compare 
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the results with those obtained in the laboratory. Several techniques are presently 
available Tor determination of the coefficient of permeability in the field, such as 
pumping from wells, borehole tests, etc., and seme of these methods will be treated ' i- 
briefly in this section. 

Pumping from wells 

Graxiry 'x'clls. Figure 2.12 shows a permeable layer underlain by an impermeable 
stratum. The coefficient of permeability of the top permeable layer can be determined 
by pumping from a well at a constant rate and observing the steady-stale water table 
in nearby observation weds. The steady slate is established when the water lev-! in the 
test well and the observation wells become constant. At the steady state, the rate of 
discharge due to pumping can be expressed as 

q — kiA 

From Fig. 2.1 2, r is approximately equal to dh/dr (this is referred to as Dupuil's 
assumption), and A = Ir.rh . Substituting these in the above equation for rate or 
discharge, we get 

dh 

q - k — 2~rh 

dr 

r r -. dr 2 rJ:rr, 

— - — , h ch 
■ r * 




Impermeable leyer 



Fig. 2-12 Del ermina tier of cr ctTiriert of permeability by pumping from wells - gravity welL 
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2303q (log (r,/r,)l (233) 

So ' ** v<h\-h]) 

U the values of r„ r, A h„ and , m known from held moasu-emon.s, the _o«m. 

cion, of permeability can be calculated ftem the V.rraplc — « — “ f ^ 2) 

According 10 Kozeny (1933), Ore maximum t.drm of influence. R (h S- 

for drawdown due to pumping can be given by 



fui I fq[ (234) 

V n v- n 

where n = porosity 

", I tim^" discharge of water from well has been estabiished 
Also note that if WC substitute at r, = r w and *, = »atr,=«, then 

2303q QogC^/Ol C 2 - 35 ) 

k ~ tt(W 5 - hi) 

where H » the depti, of tire orr.nal 

The depth A at any distance r from the well (r^ r < K) ^ ^ 

Eq. (233) by substituting A, = A w . at r, -r w and , 5 

2303(7 (log 0701 
k= e(h ! -f.l)~ 



723030 r " (230 

“ h = 7-^2" ' oe T + “ 

'Z 

by Eq. (236) will coincide with the actual phreatic • ^ ^ been 

'ZZSZXZZ cm - « 

Kaufman 1962): 

_ r + ( 0J0 + i£Lw\ .„ «J£] (237) 

q 2303 log (K/O L ' H 

^ notations used in tire righted side of E,/(237) are shown in Fig. 213. 
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Artesian wells. The coefficient of permeability for a confined aquifier can also be 
determined from well pumping tests. Figure 2.14 shows an artesian well penetrating 
the full depth of an aquifier from which water is pumped out at a constant rate. 
: :r_ Pumping is continued until a steady state is reached. The rate of water pumped out at 

. steady state is given by 





dh 

q = Id A = k — 2rr rT 
dr 


(238) 




where T is the thickness of the confined aquifier, or 




j : 0 


C'i dr A 2n kT 
- = dh 

Jr, r Jh, Q 


(239) 


i ^ ....< 


Solution of Eq. (2.39) gives 






Q log (r,/r,) 

n 2.727 r(/i,-h,) 


(2.40) 



Hence, the coefficient of permeability k can be determined by observing the drawdown 
in two observation wells, as shown in Fig. 2.14. 

If we substitute h, = at r, = r„ and A, = H at r-, = R in Eq. (2.40) we get 





Fig. 2.13 Pumping from partially penetrating gravity wetli. 
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impermaaoie layer 



Fig. 2.14 Determination of coefficient of permeability by pumping trom wills -con! sneri aquilier 
case. 



(2.41) 

2.727 T{H-h w ) 

Bore hole test recommended by USBR. Weil pumping tests ire costly, and so for 
economic, reasons bore holes are used in many C3ses to estimate the coefficient of 
permeability of soils and rocks (U.S. Bureau of Reclamation, 1961). 

Open-end rest. Figure 2.15 shows the schematic diagram for determination of the 
permeability of soils by means of the open-end test. Casings are inserted in the bore 
holes, and they extend to the soil layers whose permeability needs to be determined. 
The groundwater table can be above or below the bottom of the casings. 

Before conducting the permeability test, the hole is cleaned out. The test begins 
by adding clear water to maintain gravity flow at a constant head. The coefficient of 
permeability can be determined by the equation 

k = — (2.42) 

5.5 rh 

where r - inside radius of the casing 
h = differential head of water 

q - rate of supply of water to maintain constant head 
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Pressure 



Fig. 2. IS Open-er.d test for tod per mcabiliiy in the ftel ti..lRrdrov.n after L-.5. Bureau of Redemp- 
tion. 1961. by permission of I he United Steles Department of the Interior, Veter ond Ro^i 
Resources Service ) 

To ensure that Bq. (2.42) is used correctly, the following points should be noied. 

1 . In Fig. 2.1 5 a and b, the constant water level maintained inside the casing coincides 
with the top of the casing. 

2. In Fig. 2.1 5b, h is measured up to the bottom of the casing. 

• 3. In soils that have low permeability, it may be desirable to apply some pressure to 
the water. This is the case in Fig. 2.1 5c and d . For these cases, the value of h used 
in Eq. (2.42) is given by 

* =Vvs,v+/W* (243) 

4. Any consistent set of units may be used in Eq. (2.42). If q is expressed in gal/min, 
then 




Kft/yr) 



c, 



q (gal/min) 

MfO 



(2.44) 



The values of C\ for various siz.es of standard casings used for Held exploration 
are given in Table 23. The inside and outside diameters of these casings arc given 



in Table 2.4 . 
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Table 2.3 Values of Ci for various sizes of casings 



EX 204.000 

AX 160.000 

gX 129.000 

NX 102.000 - 

After U.S. Bureau of Reclamation ( 1 96 1 1 

rockc, The fo. c»rry.^l j ^ deibove o, below the ground- 

without tuny caring. The tea. procedure rs tlluttrated n Frg. 2.16. q 
calculation of the coefficients of permeability are as fouows. 



q L 

y = log- 

7r,Lh r 

Q . , 1 

k = sinh — 

2vLh - r 



for L ^ 1 0 r 



fo: I0r> L > r 



where Q - constant rate of How into here hoie 
L = length of test hole 
r = radius of bore hole 
h = differential head of water 



For convenience, 



L(ft/vr) = C p 



q (gal/min) 



The values of C p are given in Table 2.5. 



Table 2.4 Diameters of standard casings 



Inside 

diameter. 



Outside 

diameter. 



Note: 1 in r 25-4 mm. 
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M' 

§ 

• -%;• 

C 




Variable-head tests by means of piezometer observation wells. The U.S. Department 
of the Navy (1971) has adopted some standard variable-head tests for determination 
of the coefficient of permeability by means of piezometer observation wells. These 
methods are described in Table 2.6. Careful attention should be paid to the notations. 
Figure 2.17 gives the shape factor coefficient S' used for condition (A). Figure 2.13 
gives the shape factor coefficient C s used for condition (F-l). Figure 2.19 shows the 
analysis of permeability by variable-head tests with reference to Table 2.6. 



Example 2.1 Refer to Fig. 2.12 for the pumping test from a gravity well. If 
fi = 50 ft, r 2 ~ 90 ft, 7i, = 92 ft, and h 2 = 96 ft and the pumping rate from the 
well is 90 gal/min, determine the coefficient of permeability k. 

Solution q = 90 gal/min = 90(0.1337) = 12.03 fl 3 /min. From Eq.(233), 

= 2.303? [log — /•,)) = 2 303 (12,03) [log (90/50)1 = Q 003f(/mm 
n{h\-h\) *( 96*-92 7 ) 

Example 2.2 Refer to Fig. 2.13. For the steady state-condition, r w = 0.4m, 
H = 23m. i = 8m, and t = 10 m. The coefficient of permeability of the layer is 
0.03 mm/s. For the steady-state pumping condition, estimate the rate of discharge 
q in m 3 /min. 
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Solution From Eq. (2.37), 



**[(//-*)*-,’] f 


' 10O 


1 .8s 1 


2303 [log (72/01 L ’ 


.0.30 + 

v H . 


sin 

1 H \ 



k = 0.03 mm/s = 0.0018 m/min 
So, 

rr (0.001 8) [(28 — 8) 1 — 10 2 ] r (10) (0.4)1 1.8(8) I 

q ~ rj5T[io S (r/o. 4)] 1+ r 30 + 28 Hit; 

0.8976 
log (72/0.4) 

From this equation for q , we can construct the following table: 



R, 


q. 


m 


m* 


25 


0.5 


30 


0.48 


40 


0 45 


50 


0.43 


100 


0.37 



From the above table, the rate of discharge is approximately 0.45 /min. 
Table 2.5 Values of C p [ Eq. (2.47)] 





Diameter of 


test hoie 




EX 


AX 


BX 


NX 


31.000 


23.500 


25.300 


23,300 


19.400 


13,100 


16.300 


15.500 


14,400 


13.600 


12.700 


11.300 


1 1,600 


11.000 


10.300 


9.700 



Af,er U. i Bureau of Reclamation (1961) 
Sore l fi * 0.3048 m. 



Objr ration well or piezometer In totmuled l.iolroplc ulrotum of Infinite «lr|illi 
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Fig. 2.17 Shape factor coefficient S' used for condition 
(A) of Table 2.6. (After U.S. Navy 1971, based on Figure 
ll-ll (p. 555 1 from Soil Engineering, 3d e±, by Merlin 
C. Spangler and Richard L. Hardy. Copyright 1951 
© 1963. 1973 by Harper 4 Row, Publishers. Inc. Reprinted 
by permission of the publisher.) 



4 




T 
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!,3l; \ = shapa factor of intake point 

A H JA = nandpipe area 

k = j=( t _ , j ln ^ < k = mean permeability 

1 1 5 IH, /H, ), and tj — t, are obtained 

(jrom plot of observations 



Plot of 
observations 



V' 








— 


\ 



Equilibrium 
I «ater level 
1 Initial 
H unbalanced 
’ head H, 



T . i 

Intake 

point }—2R-»- 



toil: 

Obtain shape factor from 
Table 2.5 

For condition (Cl . 



In IL/R) 

a* l h, 

a - - — In — In - — 

2L(t, — t, ) R H, 



Piezometer In 


isotropic soil: 


Radius of Intake point. R. 
differs from racius of stand- 


pipe, r 


' 


r 2tL 

in IL/RI 


; A = nr 1 


u - . A 


H, 


F lij — t 


i ) H - 




L H . 


2 L ( t . - 


t , 1 P H , 



the intake point oy 
m = v'kp/k v to co mpute mean 



condition (Cl. Tame 2.5: 
e 2 .tU 



In ImL'R) 



ml H i 
In ■ — In — , 



Fig. 2. 19 Analysis oi permeability by variable-head tests. (After U.S. Navy. 1971.) 

2.1.7 Theoretical Solution for Coefficient of Permeability 

was pointed out earlier in this chapter that the flow through soils finer than coarse 
gravel is laminar. The interconnected voids in a given sot! mass can be visualized is 
a number of capillary tubes through which water can flow (Fig 2.20). 

According to the Hagen -Poiseuille’s equation, the quantity of flow of water 
Ln unit lime, q , through a capillary tube of radius R can be given by 

y~s . 

a«a) 

where y w = unit weight of water 

pi = absolute coefficient of viscosity 
d = area cross section of tube 
5 = hydraulic gradient 
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J 
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(surface area)/(volume of pores) 

If the tola] volume of sod is V, the volume of voids is V 0 = nV, where n ^ P^osity. 
Ul St/be equal to the surface area per unit volume of soil (bulk). From Eq.(2.5 ), 



volume 



ri V r 



H surface area Sj'J' Sy 

Substituting Eq. (2.55) into Eq. (2.53) and taking u 0 = u, (where u, is the actual seepage 
velocity through soil), wt get 

= (2i6) 

C$V si 

H must be pointed out that the hydraulic gradient i used for soils is the macro- 
scopic gradient. The factor 5 in Eq. (2.56) is the microscopic gradient for flow through 
soils. Referring to Fig. 2.20 , 1 = A>i/ALand5 = A*/ At, .So, 

• = ( 2 . 57 ) 

Ai, Ai, 



where T is tortuosity, Ai, /Ai. 

Again, the seepage velocity in soils is 

= u ^h = - T (1 - 59) 

s n Ai r\ 

where u is the discharge velocity. Substitution of Eqs. (2.59) and (2.58) into Eq.fc.56) 
yields 

v _ 7w 

! n CsV T Sv 

Yw n 3 . ’ (2.60) 

0f u ~ Csns?, r 1 ' 

In Eq. (2.60), 5 k is the surface area per unit volume of soil, if we define S, as the 
surface area per unit volume of soil solids, then 

(2 ' 6,) 

where V s is the volume of soil solids in a bulk volume V, that is, 

y t = {\ ~ n W 

„ SyV SyV _ Sv (2.62) 

S0, 5 1' (1 -n)V 1-0 
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Combining Eqs. (2.60) and (2.62), we obtain 

= 7w ^ . 

CsvSjT'i 1-n) 1 ' 

1 7w c3 

= — - i (2.63) 

C s SjT 2 ix 1 + e 

where e is the void ratio. This relation is the Kozeny-Carman equation (Xozeny, 
1927; Carman, 1956). Comparing Eqs. (2.4) and (2.63), we find that the coefficient 
of permeability is 

1 7w 

*- r~ , - (2.64) 

C s S}T l n \+e 

The absolute permeabiliry was defined by Eq. (2.6) as 

K = k — 

7w 

Comparing Eqs. (2.6) and (2.64), 

1 e i 

— (2.65) 

CsS^T 1 1 + e 

The Kozeny-Carman equation works well for describing coarse-grained soils such 
as sand and some silts. For these cases, the coefficient oT permeability bears a linear 
relation to e 1 j(\ + e). However, serious discrepancies are observed when the Kozeny- 
Carman equation is applied to clayey soils. , 

For granular soils, the shape factor C? is approximately 2.5 and the tortuosity 
factor T is about \fT. 

2.1 .8 Variation of Permeability with Void Ratio in Sand 

Based on Eq. (2.64), the coefficient of permeability can be written as 



*• 'V 0 + O 

or — = — (2.57) 

*> e!/(l+«i) 

where k x and k^ are the coefficients of permeability of a given soil at void ratios of 
e, and e 3 , respectively. 

Several other relations for the coefficient of permeability and void ratio have 
been suggested. They are of the form 



k * e 1 



(2 69) 
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Table 2.7 Coefficient of permeability for a uniform Madison sand 



Laboratory constant-head test; Djq ~ 0.2 mm 



Test 

no. 


Void 

ratio 

t 


Coefficient of 
permeability at 
20° C..t 20 , 
mm/s 


,3 
I -re 


e 1 
1 ♦ e 


1 

e 


1 


0.7 97 


0.504 


0.232 


0.353 


0.635 


2 


0.704 


0.394 


0.205 


0.291 


0.496 


3 


0.606 


0.303 


0.139 


0.229 


0.367 


4 


0.804 


0.539 


0.233 


0.353 


0.546 


5 


0.638 


0.356 


0.193 


0.230 


0.473 


6 


0.617 


0.236 


0.144 


0.235 


0.331 


7 


0.7 55 


0.490 


0.245 


0.3 25 


0.57 


8 


0.637 


0.436 


0.192 


D.230 


0.472 


9 


0.532 


0.27 5 


0.125 


0.214 


0.339 



For comparison of the validity of the relations given in Eqs. (2.67) to (2.69), the 
expenmental results (laboratory constant-head test) Tor a uniform Madison sand ire 
given in Table 2.7. Based on the calculations given, the permeability functions have 
been plotted against the coefficient of permeability in Fig. 221. From the plot.it 
appears that all three relations are equally good. 




’< , mm / 1 



Fig. 2.21 Plot of '< against permeability function. 
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permeability and seepage n 



A. Hazen (191 1) gave an empirical relation for permeability of filler sands as 

k - 1 00(D lo ) J (2- 7 0) 

where it is in cm/s and D l0 is ihe effective size of the soil in cm. 

Equation (2.70) was obtained from the test results of Hazen where the effective 
siz* of soils varied from 0.1 to 3 mm and the uniformity coefficient for all soils was 
less than 5. The coefficient 1 00 is an average value. The individual test results showed 
a variation of the coefficient from 41 to 1 46. Although Haz.cn ’s relation is approximate, 
it shows a similarity to Eq. (2.69). 

A. Casagrande has also given an empirical relation for k for fine or medium clean 
sands with bulky grain as 

MW 5 a-7!) 

where k 0 ri is the coefficient of permeability at a void ratio of 0.85. 

2.1 .9 Variation of Permeability with Void Ratio in Clay 

Tne Kozjrny-Ca.rman equation does not successfully explain Lhe variation of the 
coefficient of permeability with void ratio for clayey soils. The discrepancies between 
the theoretical and experimental values are shown in Figs. 2.22 and 2.23. These results 
are based on consolidation -permeability tests (Olsen. 1961 , 1962). The marked degree 
of variation between the theoretical and experimental values arise from several factors, 
including deviations from Darcy's law. high viscosity of the pore water, and unequal 
pore sizes. Olsen has developed a model to account for the variation of permeability 
due to unequal pore sizes. 

Example 2J Results of a permeability test are given in Table 2.7 and drawn in 
Fig. 2.21. (c) Calculate the "composite shape factor." C$S}T‘. of the Kozeny- 
Carmen equation, given = ^-09 X 10 poise. (£>) If C s ~ 2.5 and T = \/2, 
determine S s . Compare this value wbth the theoretical value for a sphere of diameter 
D l0 . 

Solution Pan (a): From Eq. (2.64), 



C s S] r M 1 + c 

, , 7w« 3 /0 + 0 

= — 

V k 

The value of (e 3 /(l + 0 ]/k is Lhe slope of the straight line for the plot of 
e 3 /( 1 + e) against k (Fig. 2.21). So 

f 5 /(l+e)_ 0.15 _ 

k 0.03 cm/s 



Scdiu"' Utite 

N — N*CI 

Sodium **'•'* 

10‘‘ N - NnO 



E KDerime-"ta | 



Eq. 12 . 64 ) 



Porosity n ' 

. . , u u' nisen Hvdroulie Flow 



2 . 0 R/cm 3 )(981 cm/s ; ) ^ = 4 ^ x jo'em’' 

CsSi 1 10.09 X 1 0' 3 poise 

Pan (b): (Note the units carefully.) 

/ 4.S6X 1? __ [JEEZ = 311.8^/^ 

S ’~J QT : ni 2.5 X (\/2 ) : 

For D i0 - 0.2 mm, 

surface area of a s phere of radius O.OU m 

S * = volume of sphere of radius 0 ,01 cm 
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C: 





Fig. 2.23 Ratio of the measured flow nt: 
to that predicted by the Kozeny-Cirmin 
equation for several clays . Curve 1: Sodium 
Uiite, KT'/V NiCl. Curve 2: Sodium illite, 
lO'W NaCl. Curve 3: Natural kaolimte. 
Distilled water H.O, Cur/e 4: Sodium 
Boston blue day. 10*'. V NaCl. Curve S: 
Sodium kaolinite. 1% (by Wt.) sodium 
tetraphosphate. Curve 6: Calcium Boston 
blue day, 10* 4 ;V NaCl. (After H. V Olsen, 
Hydraulic Flow through Saturated Clays. 
Sc.D. Thesis. Massachusetts Institute of 
Technology. 1961.) 



O 

C 



4ir(0.0lV _ 3 
f-r{0.0l) 3 " 0.01 



300 cm* /cm 5 



This value of = 300cm 5 /cm 1 agrees closely with the estimated value of 
S t = 311 .8 cm 7 /cm 1 . 



3.1.10 0ectroosmo$is 

The coefficient of permeability -and hence the rate of seepage - through clay soils 
■s very small compared to that in granular soils, but the drainage can be increased by 
application of an external electric current. This phenomenon is a result of the exchange- 
aole nature of the adsorbed cations in clay particles and the dipolar nature of the 
water molecules. The principle can be explained with the help of fig. 2.24. When dc 
electricity is applied to the soil, the cations start to migrate to the cathode, which 
consists of a perforated metallic pipe. Since water is adsorbed on the cations, it is 
also dragged along. When the cations reach the cathode, they release the water, and 
the subsequent build up of pressure causes the water to dram out. This process is 
called ilectroosmosis and was first used by L. Casagrande in 1937 for soii stabilization 
in Germany. 

Rate of drainage by electroosmosis. Figure 2.25 shows a capillary tube formed by 
clay particles. The surface of the clay parades have negative charges, and the cations 
are concentrated in a layer of liquid. According to the Helmholtz -Smoluchowski 
theory (Helmholtz, 1879; Smoluchowski, 1914; sec also Mitchell. 1979, 1976), the 
flow velocity due to an applied dc voltage E can be given by 



PERMEABILITY AND SEEPAGE 99 




where u, = flow velocity due to applied voltage 
D = dielectric constant 
f = zeta potential 
n = viscosity 
L — electrode spacing 



Potential Difference E 




Fig. 2.25 Helmhoitz-Smo'uciiowski theory far electroosmcsu. 
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Equation (2.72) is based on the assumptions that the radius of the capillary tube 
is large compared to the thickness of the diffuse double layer surrounding the day 
particles and that all the mobile charge is concentrated near the wail. The rate of How 
of water through the capillary tube can be given by 

Qg ~ ov r (2.73) 

where a is area cf the cross section of the capillary tube. 

If a soil - 2 SS is assumed to have a number of capillary lubes as a result of inter- 
connected voids, the cress -sectional area A L of the voids ts 

A, = r.A 

where A is the gross crcss-sectior.aJ area of the soil and n is the porosity. 

The rate of discharge q through a soil mass of gross cross-sectional area A can be 
expressed by the relation 

Di E 

q = A._.v e — nAU( = r, A (2.74) 

. 4r r,L 

= f -Ae^ (2.75) 

where k f - r. (Df/drr,) is the elect rocsmotic coefficient of permeability and i t is th.e 
eiectricai potential gradient. The units of k { can be cm’/(s • V) and the units of 
i f can be V/cm . Note that Eq. (2. “5) is similar in form to Eq. (2.5). 

In contrast to the rielmhoitz-Smoiuchowski theory (Eq, (2.72)), which is based 
or, flow through large capillary tubes, Schmid (1950, 1951) proposed a theory in 
which it was assumed that the capillary tubes formed by the pores between ciav 
particles are small in diameter and that the excess cations are uniformly distributed 
across the pore cross-sectional area (Fig. 2.26). According to this theory, 

t'A„F e 



where r = pore radius 

A c — volume charge density in pore 
F - Faraday constant 

Eased on Eq. (2.76), the rate of discharge q through a soil mass of gioss cross- 
sectional area A can be written as 

r'A^F E 

Q = r ~ ~ A — EfigA (2.77) 

op L 

where n is porosity and k t ~ n (r’/ 0 F/8q) is Lhe electroosmotic coefficient of permea- 
bility. 

Without arguing ever the shortcomings cf the two theories proposed, our purpose 
will be adequately served by using the flowrate relation as q = k e ifA. Some typical 
values of k e for several soils are given In Tabie 2.8. These values are of the same order 



permeability 
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fig. 2.76 Schmid theory 



foi tiecuoosmesis 



J 

D 
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S 1 3 X 10 ' S 10 12 X 10 ' S ™’«. ' V > with 3 n averse of 

Electroosmosis is costly and is not generally used unless drainage by conventional 
means cannot be achieved. Gray and Mitchell (1967) have studied the factors that 
altect the amount of water transferred per unit charge passed [eg gal/(h-A)l such 
“ W3ter COntent ' cati0n capacity, and free electrolyte content of the soli. 
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2.2.1 Equation of Continuity 

In many practical cases, the nature of the flow of water through soil is such that the 
velocity and gradient vary throughout the medium. For these problems, calculation 
o now is generally made by use of graphs referred to as / low necs. The concept of 
e flow net 1S based on Uplace’s equation of continuity, which describes the steady 
How condiuon for a given point in the soil mass. 

To ^rive the equation of continuity of flow, constder an elementary sod pnsm 
point A (Fig. 2.276) for the hydraulic structure shown in Fig. 2.27(c). The flows 
entering the soil pnsm in thex.y.and z directions can be given from Darcy’s law as 

ID) 

Plow »t point A 



z 




Fig. 2.27 Derivation oi continuity equation. 




( 2 . 88 ) 
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3p bh 

and — — u_- = —k — — (2. £9) 

3; 3 z 

If we differentiate Eq. (2.88) with respect tc x and Eq. (2.89) with respect to 
; and substitute in Eq. (2.87), we get 

3 : p 0 2 P 

— + — =o (2.90) 

3* : 3z 3 

Therefore , 6(x , 2 ) satisfies the Laplace equation . From Eqs. (2 .88) and (2.89), 

<%x,:) = ~W(x,z)+f(z) (2.91) 

and P(x.r) = -kh(x,z) + g{x) (2.92) 

Since x and r can be varied independently , f(z) = g(x) = C, a constant. So 

«*.-*) = -M(x,2) + C 

or h{x . :) = - (C- <K*,z)] (2.93) 

If h[x, z) is a consent equal to 8,, Eq. (2.93) represents a curve in the xi plane. For 
this curve, p w ill have 2 constant value, d>,. This is an cquipotcnrizl line. So , by assigning 
to o a number of values such as p,, d-, P 3 , . . ., we can get a number of equipotential 
Lines along which h ~ A,, h h,. . . ., respectively . The slope along an equipotential 
line P can now be derived 

Bp 3p 

d p = — dx + — dz (2.94) 

3* 3 1 

If o is a constant along a curve, dp = 0. Hence. 



Again, let 0( x , z) be a function such that 
30 _ 3 h 

‘ 3x 

30 3/r 

3x ‘ 3z 

Combining Eqs. (2.88) 2 nd (2.96), we obtain 
3p 30 

3.x 3z 

3 2 0 3 5 p 

3 z' 1 3x 3i 
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Again, combining Eqs. (2 .89) and (2.97), 
30 80 

dz 3* 

3’p _ 3 J 0 
3x 3: d* 5 

From Eqs. (2.98) and (2.99), 



3’0 3^0 

d? + 3- 5 



dx dz 3* 3z 






30 30 

d0 = — dx +— dz 

Fw . *“> - ° - **' C2 ' 100) ' 



/ dz \ 
\dx L 



30/3* u i 
30/3: u. 



( 2 . 100 ) 



( 2 . 101 ) 



Note that the slope. (*/*>*. “ *" f ^ 

" SToS - £££ - - . *- poim (...) - — 

function, respectively. 



2 2 2 Use of Continuity Equation for Solution of Simple Flo* Problem 

TO undent Ore roU of tbe — equ« ^ 

case of now of water thiough two layer* of ^ ^ ^ kngt hs of the two soil 
one diiection only, i.t., in the ec on oerm «bility in the direction of the 

by- CL. W - <*>* 1 and 3 « Enown. We 

+t *’ 

For one-dimensional flow, Eq. (2.87) 

3 ’* V-'W 

— =0 

3* 1 

Integration of Eq. (2.102) twice gives ^ _ 1Q3) 

h = Cj* + C, 

where C, and C,aie constants. 

For* flow through rod A , the boundary eondroc..* are. 





F ' 8 ‘ 2 23 °" e ' dlreCtional flow through two layers of soU. 



1. atx = 0,A = h, 

2 - at x = L A ,h =h 7 



G 




r- 

c 



. r 



C:=VS:; ^ - «™ boundary condu.on lnd Eq , 2 , 03) _ 

^ = Qx + /i, 

From the second boundary condition and Eq. (2.103), ^ 



So, 



\ =C ^ +/, ‘ f O' 

_h, ~h, 

La X+h ' (for 0 < x < ) 



So, 



(2.105) 



Hq.a^Ire^ “* * ^ ‘or solution of C, and C, m 



*• 2lXs L A ,h 

2 - at x=L A +L B .h=Q 



Ffom the first boundary condition and Eq, (2 103), A, = C,L A + C, or 

C, 

.T“- ^ b ° U ^^ condition and Eq .(2.,03). 0 . C , ( ^ + ^ 




C 1 = CSjLa+L,) 



(2,107) 
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Equating the right-hand sides of Eqs. (2.1G6) and (2.107), 

h.-C^^-^L.+Ls) 

L a 

and then substituting Eq. (2.1 08) into Eq. (2.106), gives 

Cl = h 2 +~ - La =h, (i +£d\ 

L a \ L b ! 

Thus, for flow through soil B , 

2*2 / L a \ 

h x + h 2 1 1 + ) (for L a < x < L, 

ho \ Lr ) 



(2.108) 



(2.109) 



( 2 . 110 ) 



With Eqs. (2.105) and (2.110), we can solve foe H for any value of x from 0 to 
L A + L 3 , provided that h 2 is known. However, 



q - rate of flow through soil ,4 = rate of flow throueh soil 8 



So, q = k. 



. , ( M 

~) fi U 



( 2 . 111 ) 



where k A and '< B are the coefficients of permeability of soils A and 8, respectively, 
and A is the ana of cross section of soil perpendicular ro the direction of flow. 

From Eq. (2.1 1 1), 

, k.h x 

h 2 - (2.112) 

La(^a !L a ' r kalLa) 

Subsutudon or Eq. (2.1 12) into Eqs. (2.105) and (2.1 10) yields, after simplification, 

h=H ‘ ( l ~ r ~7' 1 , , ) (for x = 0 to L a ) (2.113) 

\ Lq + k$L A 1 

h=h '\ , r + L b - x)j (for x = l a to L a + L b ) (2.1 14) 

L k a l b r k b^a j 



h = h. I 




2.2.3 Flow Nets 

A set oi flow lines and equipotendal lines is called a flow net. As discussed in Sec. 
22.1 , a flow line is a line along which a water particle wall travel. .An equipotendal 
line is a line joining the points th3t show the same piezometric elevation (i.e., hydra uiic 
head =h(x, z) = constant). Figure 2.29 shows an eximple of a flow net for a single 
row ot sheet pies. The permeable layer is isotropic ‘with respect to the coefficient 
of permeability, i.e., k x = k : — k. Note that the solid Lines In Fig. 229 are the flow 
lines, and the broken lines are the equipotendal lines. In drawing a flow net, the 
boundary condihons must be kept in mind. For example, in Fig. 229, 
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impermeable layer 



Fig. 2.29 Flou net around a single io« ofsEtei riles. 



1 . AB is an equipotentiai line 

2. EF is an equipotentiai line 

3. BCDE (i.e., the sides of the sheet pile) is a How line 
4 . CM is a flow line 

The flow iines 2 nd the equipotentiai lines are drawn by trial and error. It must be 
remembered that the flow lines intersect the equipotentiai iines at right angles. The 
flow and equipotentiai lines are usually drawn in such a wav that the flow elements 
are approximately squares. Drawing a flow net is time consuming and tedious because 
of the trial-and-error process involved. Once a satisfactory flow net has been drawn.it 
can be traced out. 

Some other examples of flow' nets are shown in Figs. 2.30 and 2.31 for flow under 
dams. 

Calculation of seepage from a flow net under a hydraulic structure. A flow channel is 
the strip located between two adjacent flow- lines. To calculate the seepage under a 
hydraulic structure, consider a flow channel as shown in Fig. 2 .32. The equipotentiai 
lines crossing the flow channel are also shown, along with their corresponding hydraulic 
heads. Let A q be the flow through the flow channel per unit ler-'.h cf the hydraulic 
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Determine m»* imum 
existing gr»d ent 
Irom this element 
(Sec. 2.2.101 



Permeable 



Impermeable 'BY*' 



^CU.,1 .0 I* — shown). According ,0 U- 



Toe UHer 



Permeable layer 



Impermeable layer 
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Fig. 2.32. 



If the flow elements are drawn as squares, then 
= 



l i = Dj 



So. from Eq. (2.1 15), we get 



h t h 2 — 3ij — h j — 3ij — h+ — • • • = £J\ = — 

*4 



(2-116) 



where <y, = potential drop = drop in piezometric elevation between two consecutive 
equipotenoal lines 

h = total hydraulic head = difference in elevation of water between the 
upstream and downstream side 
N a = number of potential drops 

Equation (2. 11 6) demonstrates that the loss of head between any two consecutive 
equipotential lines is the same. Combining Eqs. (2.1 1 5) and (2.11 6), 






(2.117) 



inhere are N, flow channels in a Dow net, the rate of seepage pe, um t length of 
the hydraulic structure is 



q = N f &q = kh — 



(2.113) 
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although now nets are usually constructed in such a way that aU flow elemenk 
are app^ately squares, that need not always be the 

v “ u "th all the How element drawn as recsangles. in dsat case, the lensth.to-wsdth 

* ' V ntio of the Qow nets has to be a constant, i.e., 





(2.119) 



For such flow nets, the rate of seepage per unit length of hydraulic structure can be 
given by 



q 



N f 

kh — -n 

Afc 



( 2 . 120 ) 



Example 2.4 For the flow net shown in Fig. 2 30: 

(a) How high would water rise if a pieiomeiet is placed at (i ) A . U W ■ 
(h) If * = 001 mm/s. determine the seepage loss of the dam sn «*/(«tay • «0. 



SOLUTION The ma-simum hydraulic head h is 10m. In Fig. .TO, . d 

^ Vania"). has to go through three ? ot=nual^rops^So 

head lost is equal to 3 X 0.S33 - 3.3 m. Hence the elevauon «• 

in the piezometer at .4 wall be 10 - 3.5 = 7.3 m above she ground «*f«. 

Parr (a). («): The water level in the piezometer aoove use ground level 

10 -pM^W 8 Potau at and C are located on the same eqmposentaal Bj«. 

So water in a piezometer at C will rise to the same elevauon as at A . ... 

above the ground surface. c . -j n w _ c 

Pan ( b ): The seepage loss is pven by q = kh From l *- ■ • / 

and N d = 12. Since 

k = 0.01 mm/s = (^) (60 X 60 X 34 ) = 0.864 m/day 
q =0.364(10) (5/12) = 3.6m 1 /(day m) 

2.2.4 Hydraulic Uplift Force under a Structure 

Row nets can be used to determine the hydraulic uptitang force under 
The procedure can best be explained through, a numerical example. Co « the 
dam section show, in Fig. 330, he cross section of winch nas oeen mplorted m 
Fig. 2 33. To find the pressure head at point D (Fig. -33), *- 
net shown in Fig 230' the pressure head is equal to (10-^33 m) 
hydraulic head loss. Point D coincide, wash the tod eqmpotenual bn^be^g 
with 'he upstream ode. which means this the hydraulsc head loss a, shat p n ( 
* 2 ^/^) = 2 ( 10 / 12 )= 1.67 m. So. 



Pressure head at D - 1 3 34 - 1 .67 - 1 1 .67 m 
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ft, cos 8, sin a } 

/, sinflj cos Oj 

6, r u.m) 

or -1 = — = tan a, 

/, t an 9, . 

Combining Eqs. (2.125), (2.127), and (2.128), 

Jc, tan a, _ tan (2.129) 

fcj una 2 tana! 

Row n=u in nonhomogsncous — u is “ 

oven by Eq. (2.129) and other general pnnaples outhned in Sec 2.2.3. 

Ep S Mowing poinu in mind while uonurucung ,he flow «tt. 

(low elements in layer 1 . This means that /, = 6 , in 
1 ' P k 'n k?*:k - hi- ■ the now cUmenU in layer 2 will be recrangU* 

d Mo, will be equal » 

n .r't wc may plot square flow elements in layer 1 (t.e.. I, o x ). rroi ' 4 

- vntXto = i/l So the flow elements in layer 2 will be rectangles. This is 
shown in Fig. 2.37b. 

example of Ore comrrucuon of a flow per for a dam seaion resung on a 




a ' bl 

1*1 



Fi| . M , Flow cnannef .. rb« between .wo »d. wuh <«.«. eo.mdeo., of 

permeability. 



t 
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Fig. 2.33 Flow net under a dam. 

two-layered soil deposit is given in Fig. 2.38. Note that - 5 X 10 mm/s and 
/c, = 2,5 X 10' 1 mm/s. So, 

*, 5.0 X IQ* 7 _ ^ tana, _ tan 8, 

2.5 X10* 1 ’ tan a, tan 8, 

In soil layer 1 , the flow elements are plotted as squares: and, since kjk, - 2, the 
length-to-width tado of the flow elements in soil layer 2 is 1/2. 

2.2.7 Directional Variation of Permeability in Anisotropic Medium 

In anisotropic soils, the directions or the maximum and minimum permeabilities are 
generally at right angles to each other. However, the equipotendal lines and the flov 
lines are not necessarily orthogonal, as was shown in Fig. 2.35c, 

Figure 2.39 shows a flow line and an equipotential line, m is the direction ot the 
tangent drawn to the flow line at 0, and thus that is the direcdon of the resultant 
discharge velocity. Direction n is perpendicular to the equipotendal line at 0, and 
so it is the direction of the resultant hydraulic gradient. Using Darcy’s law, 

„ =_* — (2.130) 

“A *iniA , 

OX 

„ =_* - (2.131) 

u : *mm .. 

a? 

3b 

°rn ~ 7 

dm 




(2.132) 
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An. // 

!£X 

l'/Y\ 



EouiDC’.ensiai 

lire 

Fig. 2.39 Directional vatu;ion of the coefficient cf permeability 



ih 

V* = -*« - 
3n 



(2.133) 



where — maximum coefficient of permeability (in the horizontal x direction) 

= minimum coefficient of permeability (in the vertical z direction) 

K , Jtg = coefficients of permeability in m, n directions, respectively 



Now, w» can write 

bh bh bh 

— = — cos cH sin a 

3m bx bz 

From Eqs. (2.130), (2.131), and (2.132), w c have 



(2.134) 



3; 'k r 



bh u. bh ^ 

Zx dm fc Q 



Also, o, = u_, cos q and u. = sin a. 
Substitution of these into Eq. (2.1 34) gives 



cos q sin a 



L’m _ . 

— = cos o* sin c 

tx ^~min 
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1 cos 7 a ^ sin' a 

k 0 fcn, U Kr, in 



(2-135) 



The nature cf the variation of k 0 with a as determined by Eq. (2.135) is shown in 
Fig. 2 .40. 

Again, we can say that 

i) n = Uy cos 0 + U. sin p (--^ 3®) 

Combining F,qs. (2.130), (2.131). and (2.133), 



K ~ = k m,x — c °s 0 4 k 



mil. — Sin0 
bz 



bh bh 

But — = — cos (3 

bx 3n 

9h 

and — = — sin (3 
32 3n 



(2.137) 



(2.138) 



(2.139) 



Substitution of Eqs. (2.138) and (2.139) into Eq. (2.137) yields 

k mti cos 7 0 + sin 7 3 (2.140) 

The variation of k 6 with 0 is also shown in Fig. 2.40. li can be seen that, for given 
l values of k m „ and fc miP! Eos. (2.135) and (2.140) yield slightly different values of the 
" directional permeability. However, the maximum difference will not be more than 25%. 



Eq. (2.135) (ellipse ) 



Eq. (2.1401 




Fig. 2.40 Directional variation of permeability. 



’-—A; 
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: *r 



> 7 , 

I . 

: )*'••• 



2.2.8 Numerical Analysis of Seepage 

In this section, we develop some approximate finite -difference equations for solving 
seepage problems. We start from Laplace's equation, which was derived in Sec. 2.2.1; 
for two-dimensional seepage 



3 l /i 3 2 * 



Figure 2.41 shows a part of a region in which Qow is taking place, for flow in 
the horizontal direction, using Taylor’s series we can write 




(2.141) 





Fig. 2.41 Hydraulic headj for flow in a region. 
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(ih\ (Ax)*/ 3 2 /!\ (Ax) 2 /3 3 h 

and /!,=*« -Ax — ) + - — ■ - — - 

W 0 2! \3x 2 i 0 3! V3x 3 

Adding Eqs. (2.141) and (2.142), we obtain 

2(Ax) 2 /3 2 h\ 2(Ax) 4 /d*M 

*»+*,=* 2^ + -^ — +-^— 

2! \3x 2 ' n 4! 



(2.142) 



(2.143) 



.Assuming fix to be' small, we can neglect the third and subsequent terms on the 
right-hand side of Eq. (2.143). Thus 



/^\ _ *> +h,-2^ Q 
\3x 2 ' Q (Ax) 2 

Similarly, for Qow in the z direction we can obtain 
/3 2 ^ _ /i, +h t -lh Q 

W j 0 = (I 7? 

Substitution of Eqs. (2.144) and t.2.145) into Eq. (2.86) gives 



(2.144) 



(2.145) 



h x +h i ~ 27i 0 7i--h 4 — 2h 0 

k x ~ ° + *.- 2 = o (2.146) 

(Ax) 2 * (A-’) 2 

If k x = k y = k and Ax = Ac. Eq. (2.146) simplifies to 
+ + hj -i- — 4 h 0 = 0 

or *o = q(\ +h ; + /ij + A.'> (2.147) 

Equation (2.147) can also be derived by considering Darcy’s law, q = io.4. For the rate 
of flow from point 1 to point 0 through the channel shown hatched In Fig. 2.42^, 
we have 

h, hg 

<?,-o = k Az (2.148) 

At 



Similarly, 



h 0 h j 

do-i = k A z 

At 

hi — 7r 0 

Qi-o = k Ax 

Ac 

h Q -h, 

Q o-< = k Ax 

Az 



Since the total rate of flow into point 0 is equal to Lhe total rate of flow out of point 
°.<7* - 9 qu( = 0. Hence 






($ 1-0 + <h-o)-($o-3 + $ 0 -*)- 0 (- ‘ 52 ) 

TaVung Ax = Az and substituting Eos. (2. MS) to (2.1 51) into Eq. (2.1 52), we get 
h 0 = ^ + h^h i + h t ) 

If the point 0 is located on the boundary of a pervious and an impervious layer as 
■ shown in Fig. 7 Alb, Eq. (2.147) must be modified as follows: 



$1-0 k 

Ax 2 


(2.153) 


' A2 

$c-5 - * 

Ax 2 


(2.154) 


$o -2 = k,- 7 — Ax 

Az 


(2.155) 


For continuity of flow, 




$i-o - $e-s ” $o-: = 0 


(2.156) 



With /lx = At , combining Eqs. (2.153) to (2.156) gives 
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h.-h, h 0 -h : 



-(h c -h 3 ) = 0 



— + — + /i, -2h 0 = 0 
2 2 

h 0 = K*. + 2>, i + ^ 



(2.157) 



Mien point 0 is loeared the bottom of , piling (Fig. ** “*"*» f °' 

the hydraulic head for flow continuity- can be given by 

_ r .. = 0 (2-158) 

$1-0 + <7*-d ~ $0-3 $o -1 $o-J 

N „, e , ha . v „ d 2" are two points at the same elevation on the opposite sides cf the 
"1 wi“ hydraulic heads of h, and h,, tespecd.ely. Fo, «Hs condition we 
can obtain (for Ate = As), th.ov.gh a similar procedure to that above, 

ho-tlA + t( fc !- + ' , a-) + ’ , S + , 'a] 

a -» r n 1471 which we derived above, is valid for 

Seepage in layered sods. Equate U- 1 )' ™ of nou , !CI0SS a, t boundary of 

seepage in homogeneous sods Howe e. th mod if,ed. Referring 10 

one homogeneous sod lave, to ."Other Eq_ U ) m CMffidml of ptrm ea- 

Fig 2. 42d. since the flow repon is located half in sod 1 

bility fc, and half in soil 2 with a coefficient of permeability ^we can say 

( 2 . 160 ) 

y. x = \(^) + i h) 

Now, if we replace sod 2 by sod 1 , it will have a hydraulic head of ha m place of 
h t . For the velocity to remain the same, 



h t - — h 0 — 

k, = k : 7 

A 7 Ai 



(2.161) 



or - — (^4 ho) 4- 

k'i 

Thus, based on Eq. (2.86), w-e can write 

k x + k z h x + h 2 -ih c + L° = o 

2 (Ax) 1 ' (*0* 

Taking Ax = Aa and substituting Eq. (2.162) into Eq. (2.163), 
1 f + h 2 “ 2hol 

2 ik ' +k, A'~i^) r ~\ 



hr, =- k, + 



2*i 2k, . 

— + /r 3 + • 

. . J 3 I- U- I- 



k, + k. 



k i + k 2 



(2.162) 



(2.163) 



P - 1630) 
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The application of the equations developed in this section car, best be demonstrated 
by the use of a numerical example. Consider the problem of determining the hydraulic 
heads at various points below the dam shown in Fig. 238. Let iXx — — 1 .25 m. 

Since the flow net below the dam will be symmetrical, we will consider only the 
left-hand half. The steps for determining the values of h at various points in the 
permeable soil layers are as follows: 



1. Roughly sketch out a flow net. 

2. Based on the rough flow net (step 1), assign some values for the hydraulic heads 
at various grid points. These are shown in Fig. 2.43a. Note that the values o! 
h assigned here are in percent. 

3. Consider the heads for row 1 (i.e., i = l).The !*(,,/) for i = 1 and / = 1,2 22 

are 100 in Fig. 2.43a; these are correct values based on (he boundary conditions. 

The Ji( f yj for i = 1 and j = 23, 24 28 are estimated values. The flow condition 

for these grid points is similar to that shown in Fig. 2.426; and, according to 

' Eq. (2.1 57), (6, +2/i, + A,) - 46 0 = 0, or 

(*(u*i) + 2 A ti*i./) + A iiril) ~ ^V.i) = 0 . (-- l6 >) 

Since the hydraulic heads in Fig. 2.43 are assumed values, Eq. (2.165) -will not 
be satisified. For example, for the grid point /= 1 and / = 23, = 100, 

A {(/) =84, /i (l/ ,, ) = 68, and A (i ,, = 78. If these values are substituted in 

Eq. (2.165), we get (68 + 2(78) + 100} -4(84) = -12. instead of zero If we 
set —1 2 equal to R (where R stands tor residual) and add Rf 4 to h^, yy, Eq. (2.165) 
will be satisfied. So the new, corrected value of A ti ^ is equal to 84 + (—3) = 31 . 
as shown in Fig. 2.436. This is called the relaxation process. Similarly, the corrected 
head for the grid point / = 1 and j = 24 can be found as follows: 

(84 + 2(67) + 61 j- 4(68) = 7 = /?; 

So,A (l = 68 + 7/4 = 69.75 ^ 69.8. 

The corrected values of /i (l 2S) , A ( , 76)l and A (U7) can be determined in a similar 
manner. Note that A (1IJ) =50 is correct, based on the boundary condition. 
These are shown in Fig. 2.436. 

4. Consider the rows / = 2, 3, and 4. j for i = 2 4 and >= 2, 3, .... 27 

should follow Eq. (2.147), (A, + Aj + 6 j + 6*) — 4A 0 = 0; or 

Q , VJ*) + h ii-U) + h iU-i) * ' , (i*u))-%) B0 (2.166) 

To find the corrected heads hyj), we proceed as in step 3. The residual R is 
calculated by substituting values into Eq. (2.166), and the corrected head is 
then given by A (/ + fl/4. Due to symmetry, the corrected values otA [U8) for 
1=2 3, and 4, are all 50 as originally assumed. The corrected heads are shown 
in Fig. 2.436. 

5. Consider row / = 5 (for / = 2.3 27). According to Eq. (2.164), 



2*i 

A t + — A 7 + A j + 

*! + 



2*, 

*i + k i 



A, 



4 A 0 = 0 



(2.167) 
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Sul« 5 ^^0-'"-,’. 

2k, _ 2(5) X 10 ~ 3 =133 

mT, (TTiiinF’ 

2k, 2(2.5) x 10 2 = 0 667 

itT+kj _ (5 + 25) X 10" 3 

i pn n l 67) can be rewritten as 
Using the above values, Eq. ') c<u = Q 

r,; 1 ^ 

Ca2 - •“ 5 lnd '' =28 15 S °'™ 

initially- h f 0I i = 6. 2 12 >nd/- 2,3 27 

6 . Consider the rows . - 6 7, - - • lurt corr . ctE d head in a stmdar manner 
can be found by using Eq. ^ 50 as assumed. These values are 

urs done in srep 4. The beads at/ -28 are all a . 

Shown In Fig v 2 .43b. • - 13 and / = 2, 3 27 can be found from 

7. Consider row i = 13. ° r ‘ __ Q Qt 

*#0 + ' ° ^ fmd ^ [tsWual and rhe 

'ZZTJt: * step ^NoTL W> = » due to symmetry. These 
8 3 through 7. This iteradon must be earned out 

dm “ “ 3 “ l:T^1o“'emet hydrauUc heads after ten iterations. With 
J'Zlf*. £ eqtu potential lines can now easily be drawn. 




2 2.9 Seepage Force per Unit Volume of Soil Mass 

Row of water through a soil mass result. r in - ^^^Ts'oU masl bonded by 
To evaluate the reepoge fore, per uni. volum, shown ln Fig. 2.44 . 
two flow line, si and cd and two «£!> shown. The self-weightof 

The sod mass has unit thickness at right »»#« «> _ (7 ) - The 

rhe sod mass is ° en ®* ) *e soil masT is (pressure head) 0)0) = 
r rrirdfgh .r the sod mass u Mr- For equdibnum. 






sin Q — bj7 w L 



(3.168) 




ButJq + L sin a = b-j + ^,so 

>, 7 =h l + L sin a-^ 



(2.169) 
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Combining Eqs. (2.168) and (2.16$), 

&F**h x i„L + sina-(hi + I«na-6A)7wi 
or ( 7at - 7 „) sin a + - *-V sin ft + ZhiJ - (2.170) 

jubmtrjtd seepii* 

unit weijht force 

of soil 

where 7 ' = 7 *. - 7 *,. From Eq. (2.170) we can see that the seepage force on the soil 
mass considered is equal to A/i-y W Z.. Therefore, 

A7i 7w I 

Seepage force per unit volume of soil mass = — 



where i is the hydraulic gradient. 




(2.171) 



2.2.10 Safety of Hydraulic Structures against Piping 

x We saw in Sec. 1 .9.2 that when upward seepage occurs and the hydraulic gradient is 
equal to i a , piping or heaving originates in the soil mass: 
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c,7.. + ow ( g ,- n^ 

y - Y*t - 7w = — ; - 7u- = 

1 + e 1 + e 

V c,-i 



0.171) 



For the combinations of G, and e generally encountered in soils, varies within a 
range of 2 bout 0.85 to 1 .1 . 

Mara (1935) in vest: gated the safety' of hydraulic structures against piping Accord- 
ing to bus work, the factor of safety against piping, , can be defined as 

(2.172) 

where t e x , , Is the maximum exit gradient. The maximum exit gradient can be determined 
from the flow net. Referring to Fig. 230, the maximum exit gradient can be pv»n by 
£ihfl (dsh is the head lost between the las! two equipotential lines, and / is the length 
of the flow element). A factor of safety of 3 to 4 is considered adequate for the safe 
performance of doe structure . Kara also presented charts for the maximum exit gradient 
of dams constricted ever deep homogeneous deposits (see Fig. 2.45). Using the 
notations shown, in Fig. 2.45. the maximum exit gradient can be given by 



'exit = C~ 

B 



(2.173) 



A theoretical solution for the determination of the maximum exit padient for 




R*. 2.45 Crilicai exit gradient. (After L F. Herie, Uplift and Seepage under Dam m Sand., Tram. 
ASCE. vot. 100. 1935.) 
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Table 2.9 Safe values for the weighted creep ratio 



Material 


Safe weighted 
creep ratio 


Very fuse sand 01 silt 


8.5 


Fine sand 


7.0 


Medium sand 


6.0 


Coane sand 


5.0 


Fine gravel 


4.0 


Come gravel 


3.0 


Soft 10 medium clay 


10-3.0 


Hard clay 


1.8 


Hard pan 


1.6 



For a structure to be safe against piping. Une suggested that the weighted creep ratio 
should be equal to or greater than the safe values shown in Table 2.9. 

M the cross section of a given structure is such that the shortest fiow path has 
a slope steeper than 45 °. it should be taken as a vertical path. If the slope of the 
shortest now path is less than 45°, it should be considered as a horizontal path. 

Terzaghi (19*>2) conducted some model tests with a single row of sheet piles 
as shown in Fig 2 47 and found that the failure due to piping takes place within 
a distance of D/2 from the sheet piles (D is the depth of penetration of the sheet pde)._ 





7 7 7 7 — ■> 7 -7 T 

Impermeaole layer 



fig. 2. 13 Safeiy against piping under a dam. 



Therefore, the stability c;' this type of structure can be determined by considering 
a soil prism on the downstream side of unit thickness and of section D X D/2. Using 
{ the How net, the hydraulic uplifting pressure can be determined is 

U = \y w Dh a (2.177) 

where h g is the average hydraulic head at the base of the soil prism. The submerged 
weight of the soil prism acting vertically downwards can be given by 



= \ I'O 1 

Hence, the factor of safety against heave is 



(2.178) 



W l-r'O* Or' 

u \yJ^ h o h a7* 



(2.179) 



A factor of safety of about 4 is generally considered adequate. 

For structures other than a single row of sheet piles, such as that shown in 
Fig. 2.48, Terzaghi (1943) recommended that the stability of several soil ptisms of 
size D/2 X D' X 1 be investigated to find the minimum factor of safety. Note that 
0 < D' < D. However, Harr (1962, p. 125) suggested that a factor of safety of 4 to 
5 with D" ~ D should be sufficient for safe performance of the structure. 



Example 2.7 A flow net for a single row of sheet piles is given in Fig. 2.29. 

(a) Determine the factor of safety against piping by Harza's method. 

( b ) Determine the factor of safety against piping by Terzaghi's method (Eq. 
(2.1 79)). Assume 7 ' = 10.2 kN/m\ 



1 
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Solu tion Pan (a): 

3 -°- 5 3 " 0 - 5 nxjlm 

i — A/i = = — 7 — = 0.417 m 

"" l 6 

The length of the last flow element can be scaled out of Fig 2.29 and >& approxi- 
mately 0.82 m. So 

o.4 n 

.„,,= =0.509 

ex ’ 0.S2 

(We can check this with the theoretical equation given in Eq (2.P4) 
0/01(3-0.5)/! .5] -0.53 
which is close to the value obtained above.) 

_ V 10 . 2 fcN/m» _ }nA 

,CT 7w 9.81 kN/m 3 

So, the factor of safety against piping is 



ftr, f W - A soil pnsm of cross section C X VII, whes. D = 1.5 m. on Use 
do.-nst.cin. side adjacent to the street pile rs plotted in Frg 2.-t9» Jhe approximate 
hvdraubc heads it the bottom of the pnsm cm be evaluated by usmg the flo. 
net. Referring to Fig. 2.29 (note but N„ = 6). 




Fig. 2.49 
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Fig. 2.50 




h A =-(3-0.5)= 1.25m 



h R = -{ 3 -0.5) = 0.833m 

6 



h c - — ( 3 -0.5) = 0.75 m 

6 



0375 /1 .25 + 0.75 



+ 0.833) = 0.917 m 



Dy 1.5 X 10.2 _ ^ ? 

Ks = ivh3 0.917X9.81 

The factor of safety calculated here is rather low. However, it can be incte.sed 
by placing some filter material (Sec. 22.15) on the downstream srde .bov he 
poL surface as shown in Fig. 2.494. This will increase the wergh. of the sod 

prism [W, sec Eq. (2.178)]. 

Example 2.8 A dam section is shown in Fig. 2.50. The subsoil is fine sand. Using 
Lane’s method, determine whether the structure is sa,e agamic piping. 

Solution From Eq. (2 .175), 

v , 

L w « — + 
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— 1 + (8 + S)+ 1 + 2 - 20 : 



I w = y + 20 = 2SJ3m 
From Eq. (2.176), 

L 2533 

i ' w = 3 17 

Weighted creep ratio - - 10-2 

from Table 2.9, the safe weighted creep ratio for fine sand is about 7. Since the 
calculated weighted creep ratio is 3.17. the structure is unsafe. 

2.2.1 1 Calculation of Seepage through an Earth Dam 
Resting on an Impervious Base 

considered. 

r ri. - .... » » 




Impefrrieabi* base 



F, t . 2.5 1 Dupuil's solution foi flow through an «axth darn. 
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* Impermeaoie oa« 

Fig. 2.52 Schaffernik's solution tot How through m earth dam. 



Dupuit (1863) assumed that the hydraulic gradient i is equal to the slope of the free 
suriace and Ls constant with depth, i.e j - d:i<±x. So, 

q ((z) (1)] * le — s 

cLx ±x 

•d / -H, 

q dx = kz dz 
Jo J «, 

qd=^{Jf] -tT\) 

k 

Of q = —{H\-K [) (2.180) 

2 d 

Equation (2.180) represents a parabolic free surface. However, in the derivation 
ot the equation, no attention has been paid to the entrance or exit conditions. Also 
note chat if H 2 = 0 the phreatic line would intersect the impervious surface. 

Schaffemak's solution. For calculation of seepage through a homogeneous earth dam, 
Schatfemak (1917) proposed that the phreatic surface will be like line ab in Fig. 2-52. 
i.e., it will intersect the downstream slope at a distance l from the impervious base. 
The seepage per unit length of the dam can now be determined by considering the 
triangle bed in Fig. 2.52: 

q ~ JoA A - (bd) (/) = / sin P 

From Dupuil's assumpuon, the hydraulic gradient is given by / = dijdx — tan p. So, 
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q = kz — = (*)(' sin0) (tan 0) 
i ix 



(2.161) 



(/ sin 0) (tan0)dx 



-(}p -P sin 2 0) = (/ sin 0) (Un 0) (rf - / cos 0) 



1 Sin ’ ^ , - V 

- f// 2 - / 2 sin 3 0) = / (d-lcoi 0) 

2 cos 0 



fP cos f 7 3 cos 0 
2 sin 2 0 2 



= Id — P cos 0 



//"' cos 0 

J 2 cos0-2fd + , = ° 

ssn 2 0 

Id t \/4d 2 — 4 ['(// 3 co s 3 0)/ sir, 3 0] 
? “ ” 2 cos 0 



(2.182) 



co: 5 ccs" 0 sir, 3 0 



(2.183) 



Once the value of > is known, the rate of seepage can be calculated from the 

equation q - W sin 0 tan 0. , , _ 

Schaffemah suggested a graphical procedure to delenrune the value o, I. This 
procedure car, be explained with the aid of Fig. 2.53. 

1 Extend the downstream slope line be upwards. 

2. Draw a vertical line ae through the point a. This will intersect the projection of 

line be (step 1) at point/. 

3. With fc as diameter, draw a semidicl tfhe. 




tmpermest)'* surface 
Fig. 1-53 Graphical construction for Schiffcmak s solution. 
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Impermeable 

layer 



Fig. 2.54 Modified distance d for use in Eq. (2.183). 

4 Draw a horizontal line ag . . 

5 With c as the center and eg as the radius, draw an arc of a cue \t,g 

6. With / at the center and fh as the radius, draw an arc of a circle, b. 

7. Measure be = I. 

A Casagrande (1937) showed experimentally that the parabola cb sho-j 
Fig. 2.52 should actually start from the point « »* shown in Fig. 2 £. ^ ^ 

= 0.3 A. So, with this modification, the value of d for use m Eq. (2.1 83) will 

horizontal distance between points o and c. 

L Casa grande’s solution. Equation (2.183) was obtain'd I on the bull ol ^Dup^’s 

assumptiLi Out the hydraulic padten, r is equai (c ,*ldx. L. Cu 

suggested tha, Otis relation is an approximation to Ore actual condition. In tahty _ 

(see Fig. 2.55), 

_dz (2.184) 

ds 

For a downstream slope of 5 greater Oran 30', the deviation from ^pFs 
assumption become more noticeable. Based on tius assumption [Eq. (2.164)], the 
rate of seepage is q = kiA . Considering the mangle bed in Fig. 2.5 , 

r = — = sin 0 A =(W)(O = ?sin0 

ds 



UL - 

So q = k — z = kl sin 0 
dx 



,-h n 

< z dz = | (f sin* 5) ds 

» ; sit f . ‘ 1 
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p t g 2 .s5 L. 'O' «»« “ “ ,,h (N °" ; ° f ' h ' 

a'bc * 5.) 



where j is the length of the curve a’bc. Hence. 
!(//* — / r sin 3 0) - f sin 3 0(s -/) 



fP - / 3 sin 3 0 - 2ls sin 3 0 - 2/ 3 sin 3 0 




if- „ 

l 7 -2/S + — 77 = 0 
sin 3 0 


(2.186) 


The solution to Eq.(2.186) is 






(2.187) 


With about a 4 to 5% error, we can approximate s 


as the length of the straight 


line a’c. So, 




J = y/d 7 + H 7 


(2.188) 


Combining Eqs. (2.187) and (2.188), 

l=Jd 7 +// 1 - Jd 7 -H 7 cot 3 0 


(2.189) 



Or.ce l is known, the rate of seepage can be calculated Horn the equation 
q = k/ sin 3 0. 



A solution that avoids the approximation introduced in Eq. (2.189) was given by 
Gilboy (1934) and put into graphical form by Taylor (1948), as shown in Fig. 2.56. 
To use the graph, 

1 . Determine d/H. 

2. For given values of djH and 0, determine m. 

3 . Calculate / = mH l sin 0. 

4. Calculate q = kl sin 3 0. 

Pavlovsky’s solution. Pavlovsky (1931; also see Han, 1962) also gave a solution for 
calculation of seepage through an earth dam. This can be explained with reference to 
Fig. 2.57. The dam section can be divided into three 2 ones, and the rate of seepage 
through each zone can be calculated as follows. 



Zone I (area agof) In this zone, the seepage lines are actually curved, but Pavlovsky 
assumed that they can be replaced by horizontal lines. The rate of seepage through 
an elementary strip dz can then be given by 

dq = ki dA dA = (Jz)(l) = dz 




Fig. 2.56 Chart for solution by L. 
Casagnnde's method based on Gtlboy’s 
solution. (After D W Taylor, " Fundn ■ 
mentals of So, l Mechanics." Wiley, yew 
York. 1943.] 
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Bui !, = H-K So 

k{H-h He . 

q col H d — h\ 



(2.1 90") 



H ^ The flew 

:, f£a (2.1 SO)]. Substituting h, 'or H 4 , n 7 tor /r 7 , 



Zone D (area ogocj me u 

Dupuil (Eq. (2 .ISO)]. Subs 
we get 

q = -L(h\-h\) 
z L 



k , L3 , (2-191) 

q — - — (b.i •“ h 7 ) 

(2.192) 

where L = B + M cot Ps 

OT f.«. »rf, As in sons <M ,««» linos In to sons .« also assumed 10 
be horizontal'. 

p, dz (2.193) 

q ~ k > cot 0: col 5- 



o 
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J. 



Combining Eqs. (2.191). (2.192). and (2.193), 




From Eqs. (2.190) and (2.193), 

H-h, He *a 

In 

cot 0i H d — h, cot 0, 



(2.194) 



(2.195) 



Equations (2.194) and (2.195) contain two unknowns A and V which « n b * 
solved graphically (see Ex. 2.9). Once these are known the rate of seepage per um 
length of the dam can be obtained from any one of the equations (2.190), (2.191). 

and (2.193). 



Seepage through earth dams with k f **,. If the soil in a dim section shows ^Uotropic 
behavior with respect to permeability, the dam section should fust be plotted acco g 
to the transformed scale (as explained in Sec. 2.2.5). 




All calculations should be based on this transformed section. Also, for calculatmgjhe 
, rate of seepage, the term k m the corresponding equations should be equal to VM*- 



Example 2 9 The cress section of an earth dam is shown in Fig. 2.58. Calculate 
the rate of seepage through the dam [q in m 3 /(min -m)] by [a) Dupuil'i method; 
(b) Schaffemak’s method ,(c) L. Casagrande’s method;and (d) Pavlovsky s method. 
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Solution Part (a), Dupuiti method: From Eq. (2.180), 

-H\) 

7 d 

From Fig. 2.58, H x = 25 m and H z = 0; also, d (the horizontal distance between 
points a andc) is equal to 60 + 5 + 10 = 75m. Hence 

a = 3 X ' — (25) 1 = 12.5 X IQ-'m'limin -m) 

2 X 75 

Part (b), Schaffemak's method: From Eqs. (2.181) and (2.18-3), 

d 

q = (*)(/ sin 0) (tan 0) ' = — ~ 

Using Casagrande’s correction (Fig. 2.54), d (the horizontal distance between 

^ ~ . /- , i a t i c \ I r- rv 



a' and c) is equal to 60 + 5 + 10 + 15 


90 m. Also, 


(1 = tan" 1 — = 26.57° 
2 


H -25 m 




So, 






90 l 


, 90 V 1 


( 25 


cos 26.57° V 


Uos 26.57“ ; 


\ sin 26.57°/ 



= 100.63 - VO 00 .63) J -(55.89? = 16.95 m 
q = (3 X 10‘ A ) (16.95) (sin 26.57°) (tan 26.57°) = 11.3 7X 70“* m'/fmin-m) 

Pan[c), L. Casagrande'i method We will use the graph given in Fig. 2.56. 
d 90 

d = 90 m H -25 m -=-=3.6 3 = 26.57 

From Fig. 2.56. for (3 = 26.57° and d)H = 3 .6. m = 0.34 and 
( = ^ = 014(75)1 =19Qm 

sin 3 sin 26.57 

, =*/ sin 1 0 = '3 X 10-*)C19.0)(im26.S7-)' =11.4 X 10" m'ltmm -m) 
Part (d). Pcvlovsky's method: From Eqs. (2.194) and (2.195), 

B 

h, = 

cot | 

H-h, ^ H d = 
cot 3, H a -h, cot 0! 





From Fig. 2.58, fi = 5rn, cot 0, - cot 26.57° - 2, H d = 30 m. H - 25 m. Substi- 
tuting these values in Eq. (2.194), we gel 



r-i 
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Similarly, from Eq. (2.195), 



25 -h x 30 h z 

in = — 

2 30 — h x 2 

or 

A, -(25 -A,) In —1L (1). 

Eqs, (a) and (6) must be solved by trial and error: 



A,. 

m 


h t from 

Eq- ( 0 ). 

m 


A, from 
Eq-(i). 
m 


2 


0.062 


1.587 


4 


0.247 


3.005 


6 


0.5 59 


4.2*0 


a 


1.0 


5.273 


10 


1.577 


6.082 


12 


2.297 


6.641 


14 


3.170 


6.915 


16 


4.211 


6.359 


18 


5.400 


6.4 14 


20 


6.882 


5.493 



Using the values ot It, and h, calculated in the preceding table, we can plot 
the graph as shown in Fig. 2.59; and from that, h i = 18.9m and /t, = 6.06m. 
From Eq, (2.193), 



hh 2 (3 X 10" l )(6.06) 

q = — = = 9.09 X 10' 

cot{3, 2 



m 3 /(mir • m ) 



.2.12 Plotting of Phreatic Line for Seepage through Earth Dams 

For construction of flow nets for seepage through earth dams, the phreatic Line needs 
to be established tint. This is usually done by the method proposed by Casagrande 
(1 937) and is shown in Fig. 2.60c. Note that aefb in Fig. 2.6G2 is the actual phreatic 
line. The curve a'efb'c' is a parabola with its focus at c; the phreatic Une coincides 
with this parabola, but with some deviations at the upstream and the downstream 
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- -> ! t r 



\i 16 ' 8 20 



Fig. 2.59 



fleB . A , , po*. .. the phreatic bne ,«» .. - »* * 90” ,o the up,.— b« 
0f be comtmcled as follows: 

i . u . - «• - •**» (b “ t6 

on the properties of a parabola), Ac \ ^ 

v/x : 4- ? = 2p + a: 



(2.196) 

tV- Z - h ,L.«»«»g *« ta0 *>■ (2A96) Jnd ' tirTS ^ E ' 

wc obtain 



p=\ i^+lP-d) 

Since d end H are known, the value of p can be emulated. 
2. From Eq. (2.196), 

x ’ 4- z 5 =4 p' +* 1 + 4pjr 



(2.197) 



(2.198) 



Wiih P known, veiues of x for -cue values of , can be catenated from 
Eq. (2.198) ar.d the parabola can be ccnstiuciv. . 
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To complete the phreatic line, the portion tte has ,0 be app.oxteu.ed and drawn 
by hand. When 6 < 30', the value of / can be calculated from Eq. (2.1 8JJ as 

/ = 

Note that I = be in Fig. 2.60c. Once point b ha, been located, the curve ft, can be 

^ Ihc ^ of , c „ he determined byuateg 

tee graph given in Fig. 2.61 . In Fig. 2.60 '.fb-U. and be - After locaung tee 
point b on the downstream face, the curve fb can be app.oxtmately brawn by hand. 

Example 2.10 An earth dam section fe show* in Fig. 2.62. Plot the phreatic line 
for seepage. For the earth dam section , k x — k z . 







Fig, 7.60 Deterrr.ifution of phreatic line foi seepage through in earth dam. 




• Ty- ; 
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a. deg 

Fiji. 2.6 t Plot of cd({l * oO against downsueim slope angle. (After A. Casngrande. Seepage through 
Corns. Contribution to Sail Mechanic!. 1925-1940. Boston Society of Ciri! engineering. Boston. 
1937./ 
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Solution 

P = tan* 1 (1/1.5) = 33.69° 

A = 70 cot 45° = 70 ft 
aa = 03 A = 03(70) = 21 ft 
and 

d = 80 cot 33.69° + 15 + )Q cot 45° + 21 = 120 + [5 + 10 + 21 = 166 ft 
From Eq. (2.197), 

P - { (V<7 T + H 7 - d) = i (Vl 66- +~70 3 - 166) 

= \ (180.16 - 166) = 7.08 ft 

Using Eq. (2.198), we can now determine the coordinates of several points of the 
parabola a'efb'c': 



1, ft 


x from 

Eq. 12.193). 
ft 


70 


166 


65 


142.1 


60 


! 2 Q 04 


55 


99.73 


50 


31.2 


4 S 


54 4 2 



Using the values of x and corresponding z calculated in the above table, the basic 
parabola has been plotted in Fig. 2.62. 

We calculate l as follows . The equation of thelinecb’canbegivenbyz = .t tan (3. 
and the equation of the parabola [£q. (2.198)] ls x = (z 3 - 4p : )/4p . The coordi- 
nates of point b‘ can be determined by solving the above two equations; 

z’ — 4p’ (x tan 3) 1 - 4 p 3 
4p 4 p 

or 

x 1 tan 3 p - 4 px - 4 p 7 = 0. 

Hence 

.? 3 tan 3 33.59° — 4(7.08)x — 4(7.08)* =0 
0.444** - 23 3 It - 200.5 = 0 

Th.e solution of Lhe above equation gives x - 70.22 ft. So 
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t 

i 



cb' = v/70.22 5 + (2022 tan 33.69°) 3 = 84.39 fl = / + A/ 

From Pig. 2 .61 , To: 0 = 3 i .69 , 

JL = 0 366 A/ = (0366) (84 39) = 30.9 ft 
/ * A/ 

/ = (/ + AT) - (A/) _ 

= 8439 - 30.9 - 53.49 ft ** 54 ft 
Sol = cb = 54 ft. 

The curve portions ae and fb can now be approximately drawn by hand 
which completes the phreatic line aefb (Fig. 2.62). 



2.2.13 Entrance, Discharge, and Transfer Conditions 
of Line of Seepage through Earth Dams 



A Qsarrande (1937) analyzed the entrance, discharge, and transfer conditions for the 
lint of seepage through earth, dams. When we consider the How from a free-draining 
material (coefficient of permeability very large; fc, * ~) into a material of permeability 
k it » called an ennance. Similarly, when the flow is from a material of permeability 
kl* into a freezing material (fc, - «) it is referred to as discharge. Figure 2.63 
shows various entrance, discharge, and transfer condiUons. The transfer conditions 
show the nature of deflection of the line of seepage when passing from a ,„alcr;ai of 



permeability k, to a material of permeability k,. 

Using the conditions given in Fig. 2.63, we can 
phre2UC lines for various types of earth dam sections. 



determine the nature of the 



2.2.14 Flow-net Construction for Earth Dams 

With a knowledge of the nature of the phreatic line and the entrance, discharge, and 
transfer conditions, we can now proceed to draw flow nets for earth dam sections. Figure 
2.64 shows an earth dam section that is homogeneous with respect to permeability. 
To draw the flow net, the following steps must be followed: 

1, Draw the phreatic line, since this is known. 

2 Note that eg is an equipotential line and that gc is a flow line. 

3 ‘ i t is important to realize that the pressure head at any point on the phreatic line 
’ ^ zcjo; hence, the difference of total head between any two equipotential lines 
should be equal to the difference in elevation between the points where these 
equipotential lines Intersect the phreatic line. 

‘ Since loss of hydraulic head between any two consecutive equipotential lines 
is the same, determine the number of equipotential drops, A'* , the flow net needs 
to have and cal cub te Ah = hjN d . . 

4 Dnw the head lines for the cross section of the dam. The points of intersection 




T. 



* 







--12 




‘ UV-V.v:-- 



153 




v:'i r- 




154 



I 2.64 Kluw-msl cointruclior* foi an caMli da*». 
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^ eac * ^ es phreatic lines are the points from which the equipotential 

tines should start. 

5. Draw the flow net, keeping in mind. that the equipotential lines and flow lines 
must intersect at right angles. 

6. The rate ot seepage through the earth dam can be calculated from the relation 
given in Eq. (2.1 18),? = kh (N f /N d ). 

In Fig. 2.64, the number of flow channels. N f , is equal to 23. The top two flow 
channels have square flow- elements, and the bottom flow channel has elements with 
a width- to -length ra tio of 0 3 . Also, ;V^ in Fig. 2 .64 is equal to 10. ' 

II the dam section is anisotropic with respect to permeability, a transformed 
section should first be prepared in the manner outlined in Sec. 2 25. The flow net 
can then be drawn on the transformed section, and the rate of seepage obtained 
from Eq. (2.124). 

h the phreatic line for the dam section is not known, a trial -and-error procedure 
will have to be adopted for the construction of flow nets (Cedergren, 1977). This 
technique is demonstrated in Fig. 2.65. The steps to obtain the flow net are as follows: 

1. Draw the head lines on the cross section of the dam. .Also draw the approximate 
zone of the phreatic line as shown in Fig. 2.65a. 

2. Assume a trial saturation line (phreatic line) ab as shown in Fig. 2.65 b. Draw an 
approximate flow net. Now check the number of flow channels between any 
two consecutive equipotential Lines. Il the flow net is correctly drawn, the number 
ot flow channel between any two consecutive equipotential lines should be the 
same. If not, some adjustment has to be made by moving the phreatic line and 
the flow and equipotential lines. (The arrows in Fig. 2.65b show the direction of 
needed correction.) 




Number ot is ] 3 j.q o,7 0.4 

flaw channels 



Fig. 2.65 Row-net construction 
lot an earth dim section with 
unknown phreatic line. (Modified 
after H. R. Cedergren. "Seepcff. 
Drainage and Flow .Sen." 2d td.. 
Wiley, .Sew York. 1977./ 
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Impermeable layer 



n|"=\.5 

N d = 6 



Fij. U6 Typiea] How ret fo, an earth dam with jock toe niter. 

3. After ^ few Irish, the fatal -now net can be churned as %hown in Fig. 2.65c 
(A' ; = 1 2 and A ’„= 5). 

Figures 2.66 and 2.67 sho* some typical flow nett Ouough urlh dam «cuons. 

F a now net fo, seepage through a aon-.d eat* dam sect, on as shown tn F g 2.6IF 
Tne sod fm *e upstream hair 0 r the dam has a permeabalaty K and L.e sod lor the 
I stream half o“ the dam has a permeabffliy k, - The phreahe ne has to be 
°»S bv nil and error. As shown in Fig. 237b, here the seepage ,s from a sod of 
low permeability (upstream half) * a sou of high permeabrlrty (downs, ream halQ- 

From Eq. (2.1 25), 



ir 1 and Jk, = S«.-„ = 1/S For that reason, square now elements have 

b-en plotted in *e upstream half of the dam. and *= now elements m *e down- 
stream half have a wid*.to4eng* ratio of 1/5. The rate of seepage can be calculated 

bv using the folio-wing equation: 

h , h .. ' (2.199) 

Q = — A 'AO - ^ v ' r0) 

I'd J d 

where N fm is the number of full flow channels in the soil having * permeabthty Jc„ 
A' /(2 ,is the number of full flow channels in the soil bavin* i permeabrlrty k,. 



--WV-- 






Impermeable leyer 



Fi ^ 2_ 6 7 jypical 0o»- net for an earth dam ^nth chimney drain. 
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2.2.15 Filter Design 

When seepage water flows from a soil with relatively fine grains into a coarser matenal 
there is a dahger that the flne soil particles may wash away into the coarse matenal. 
Over a period of time, this process may clog the void spaces in the coarser matenah 
Such a situation can be prevented by the use of a filter or protective Alter between One 
two soils For example, consider the earth dam section shown in Fig. 2.66 If rockiills 
were only used at the toe of the dam, the seepage water would wash the fine soil 
grains into the toe and undermine the structure. Hence, for the safety of ^ sUUCtUrC> 
a filter should be placed between flic fine soil and the rock toe (Fig. 2.69). For the 
proper selection of the filter matenal, two conditions should be kept in rrund: 

1. The siae of the voids in the filter material should be small enough to hold the 

larger particles of the protected material in place. 

2. The filter material should have a iugh permeability to prevent buildup of large 
seepage forces and hydrostatic pressures in the Alters. 

Based on the experimental investigation of protective filters, Bertram (19A0) 
provided the following criteria to satisfy the above condition^: 

Dls .V0 < 4 to 5 (to satisfy condition 1) (2.200) 

^BS(S) 






Pig. 2.69 U« of fit lei »1 the toe of an earth dam. 
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£i£4D > 4 to 5 (to satisfy condition 2) (2.201) 

^1S(S) 

where D,< ( ^ = diameter through which 1 5% of filter material will pass 

D ' s = diameter through which 1 5% of soil to be protected will pass 
^85(S) = '^Wch 85% of soil to be protected will pass 

The proper use of Eqs. (2200) and (2201) to determine the grain-size distri- 
budon of soils used as filters is shown in Fig. 2.70. Consider the soU used for the 
construct^ of the earth dam shown in Fig. 2.69. Let the gramme distribution of 
this soU be given by curve a in Fig. 2.70. We can now determine 5D SS(S) and 
and plot them as shown in Fig. 2.70. The acceptable grain-size distribution ot the 

filter material will have to lie in the shaded zone. . . . 

The same principle can be adopted for determination of the size limits for the 
rock layer (Fig. 2.69) to protect the filter material from being washed away. _ 

The U S Navy (1971) requires the following conditions for the design ot filters. 



I.' For avoiding the movement of the particles oi the protected soU. 




- 10 5 ,0 0 5 0 .' 005 0.01 0.005 0.002 

Grsin-tiat distribution. mm 

Fit 2.70 Determination of pain-rue distribution of fillet utmj Eqs. (2.200) and (2.201). 
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If the uniformity 'coefficient Q, of the protected soil is less than 1 .5, Distresses) 
may be increased to 6. Also, if of the protected soU is greater than 4,/)^^/ 
.0,5(5) may be increased to 40. 

2. For avoiding buildup of large seepage force in the filter, 



3. The filter material should not have grain sizes greater than 3 in (762 mm). (This is 
to avoid segregation of particles in the filter.) 

4. To avoid internal movement of fines in the filter, it should have no more than 5% 
passing a No. 200 sieve. 

5. When perforated pipes are used for collecting seepage water, filters are also used 
around the pipes to protect the fine-grained soil from being washed into the pipes. 
To avoid the movement of the filter material into the drain-pipe perforations, the 
foil owin g additional conditions should be met: 



slot width 



> 1 .2 to 1 .4 



hole diameter 



> 1 .0 to 1 2 



Thanikachalam and Sakthjvadivel (1974) analyzed experimental results for filters 
reported by Karpoff (1955), U S. Corps of Engineers (1 953). Leatherwood and 
Peterson (1954), Dayaprakash and Gupta (1972). and Belyishevskii et ai. (1972). 
Based on this analysis, they recommended that when the soil to be protected is of a 
granular nature, the stable filter design enteria may be given by the following equations: 



;&Q ^ = o.4 — £1D —2.0 



(2 202 ) 



^=0.9*!^ -5.65 



(2203) 



where D^ (S) and D l0(S) are, respectively, the diameters through which 50% and 10% 
of the sod to be protected is passing; and and D,o(F) are . respectively, the 

diameters through which 60% and 10% of the filter material is passing. 

Cedergre.n (1960) constructed several fiow nets, such as those shown in Fig. 
2,7 la and b , to study the condition of seepage into sloping tdters placed at the down- 
stream side of earth dams. Based on this work, he developed the chart given in Fig. 
2.71c which allows us to determine the minimum thickness oi tdter material, W, 
required on the downstream side of an earth dam. (Note that in Fig. 2.71, kp is the 
coefficient of permeability of the filler material, and k s is the coefficient of permeability 
of the SGd of the earth dam.) 
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v 0.5 0.75 1 15 2 3*56 



Slope . m 

Fyg 2.71 Thickness of nitei material on ire downstream side of >r. tu'.h dam. (After H. P. 
Ceritrptr., Sttpsy Rtauirenent of Filters end Pen-lev: Beset. 3. Soil Mech. Found. Div..ASCE, 
»*ol. S6. no. SMS fpert I), I960.) 

PROBLEMS 

2.1 The results of a constant-head permeability lest lr. a fine sand are a; felloes: a tea of the soil 
spedmen. 1 BOcm’ ; length of the specimen, 320 mm: constant head maintained, *60 mm, flow of 
water through the specimen, 200 ml in 5 min. Determine the coefrtcient of permeability. 

2J The One sand described in Prob. 2.1 was tested in a falling-head pcrmeametcr. and the results 
ne as follows: area oT the specimen, QOcm^length or the specimen. 320 mm; area cf the standpipe , 
5cm'; head difference at the beginning of the test. 1000mm. Calculate the head difference after 
300 s from the start or the lest (use the result of Prob. 2.1). 

2J A silty sand spedmen was subjected to a capillary permeability test. The results areas follows 
(refer to Fig. 110 for notations): 



f. min 


x’ . cm 5 




2 


*0 ] 




4 


80 


h, - 48.75 cm 


6 


120 ( 


8 


160 1 


change from h x to 6, at 
^ time ; = 1 0 min 


12 


370 ■ 


14 


54 5 


j h, = 362.6 cm 


16 


720 


18 


900 


* 



Given a soil porosity of 0.5 and S r = 0.9 , calculate the value of lr. 




2.* A single row of sheet pile structure is shown in Fig. P2.1 . 

(e) Draw the How r,e:. 

fh) Calculate the rate of seepage. 

(c) Calculate the factor of safety against piping using Terughi's method [Eq. (2.179)1 and 
then Haru': method. 

2.5 Tor the single row of sheet piles show n in Fig. P2.1. calculate the hydraulic heads in the 
permeable layer using the numerical method shown in Sec. 2.2.8. From these result!, draw the 
eouipotcntal lines. Use Ar = Arr = 2 m . 

2.6 A dam seebon Ls shewn in Fig. P2.2 . Given k x = 9 X 1 O’ 1 rnm/s and k, = 1 X 1 O' 1 mm/s. draw 
a flow net and calculate the rale of seepage. 




Sj m Permeable lever 




Rock 



Fig. P2.2 





27 For the Cam secoon shown 'in Fig. P2.2. * = k x = k, = 5 X 10" mm/s. calculate the 

hydraulic heads in the permeable soil layer. Use ru = w = 2m and rhe numencal method grven 

in Sec. 2.2 .8. 

2.8 A dam section is shown in Fig. P2.3. Using Lane’s method, calculate the weighted creep 
ratio. Is the dam safe against piping? 

2 9 Refer to Fig P2.3. Assume (1) that the sheet pile at the end of the upstream apron ts not 
there. (2) that an impervious rock Uye, is located at a depth of 3? ft from the ground surtace, 
and (3) that *= 0.02 mm/s. 

(a) Draw a flow net. 

(b) Calculate the seepage under the dam. 

{c) Given, for the soil.C, = 2.65 and e = 0.5 .calculate the factor of safety by Haraa's method. 

2 10 For the sheet pile structure shown in Fig. P2.4, 
d = 2im H, = 3 m *, = * * lO^mm/s 

d. = 5 m W, = 1 m *,= 2X I0*»mm/* 

d, = 5 m 

(a) Draw a flow net for seepage in the permeable layer. 

(fc) Calculate the seepage. 

(c) Find the exit gradient. 

2 11 For the structure shown in Fig. P2.4. use the numerical method (Sec. 2.2.3) for determination 
of hydraulic heads in the permeable layer. Ustng thrse values, draw the equipotcnual line: and 
then complete the flow net by drawing the How lines. Calculate the seepage under the structure 

and also the exit gradient. 

d = 3 m H t ~ 4m *, = 6 x IG‘‘ mm/s 

d. = 4 m H,= lm x, = 1.3 x 10“ mm/s 

d, = 4 m 

2.12 Redo Prob. 2.10 with the following 

d = 1 2 ft H, = 1 2 ft k t = 6 x 10' 1 mm/s 

d, = l8ft rtj = 3ft kj = 2 x 10 M mm/s 

d, = 24 ft 

2 13 An earth dam section is shown in Fig. P2.5. Determine ihe rare of seepage through the earth 
dam using (j) Dupuifs method. (£>) Schaffemak's method, and (c) L. Casagtande’s method. Assume 
that * = 10'* mm/s. 
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Impermeable layer 



Fig. P2.4 



2.14 Repeat Prob. 2.13 assuming that = 6 X 10''mm/sandk.= lX 1 0 * 1 mm/s. 

2.15 For the earth dam section shown in Fig P2.5, determine the rate of seepage through the 
dam using Pavlovsky's solution. Assume that k = 4 X 10"' mm/s. 

2.16 For the earth dam section shown in Fig. P2J, determine the rate of seepage by using 
Pavlovsky's solution. Assume that k x = 4.6 x 1G‘‘ mm/s and k, = 1 .15 X 10‘‘ mm/s. 



i 




Imcermeaole layer 



Fig. P2.5 
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2.1 7 At earth dam section is shells in Fig P2.6 . 

<e) Using A Casapandt - s procedure, dr** the phreatic line lo scale. Aisume that k 

0.8 X 10" mm/s 

(M Using the results of pan (e), draw the flow net and calculate (he tate o, seepsye. 







|rnp»rv>ous '*ye - 



Fit. P2.6 

2.U Solve Piob. 2.17 assuming. that k x = 3.2 r \ 0" mm/s and = 0.S X 10'‘mi«/» 
2.19 Solve Prob. 2.1* for (he dam seccer. she* r, in Fry.. F2.7. 





U0 An tuth dam section is shown Li Fig. TI.S. Draw (he Dow ncuand calculate (he seepage. 
2J1 Solve Prob. 2.20 assuming (has *, = 2 x 10" mm/s and L, = 2k,. 
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CHAPTER 

■ THREE 

STRESSES IN SOIL MASS 




This chapter deals with problems involving stresses Induced by various types o! loading. 
The expressions for stresses are obtained on the assumption that soil is a penectly 
elastic material; problems related to plastic equilibrium arc not treated in this text. 

The chapter is divided into two major sections - . (1) two-dimensional (plane strain) 
problems and (2) three -dimensional problems. 

3.1 TWO-DIMENSIONAL PROBLEMS 

3.1.1 Plane Strain S to le-of-S tress 

In many soil mechanics problems, a type of state-oi -stress that is encountered is the 
plane strain condition. Long retaining walls and strip foundations are two examples of 
where plane strain conditions are encountered. Reterring to Fig. 3.1. tor the strip 
footing the strain in the y direction at any point P in the soil mass is equal to zero. 
The normal stresses o, at all sections in the xz plane (i.e.. normal to the y rus) are the 
same, and the shear stresses on these sections are zero. The normal and shear stresses 
on the plane normal to the x axis are equal to a x and r*., respectively. Similarly, the 
normal and shear stresses on the plane normal to the z axis 3re o. and r :x (- r^.), 
respectively . The relationship between the normal stresses can be expressed as 

Oy = i '(°x + °y) 

where v is Poisson's ratio. Thus, these are essentially two-dimensional problems. 
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Fij. 3.1 Definition o' plane strain state-of-jlress. 



3.1.2 Stresses on an Inclined Plane and Principal Stresses for 
Plane Strain Problems Using Mohr’s Cijcle 

If lhe stresses at a point in 3 soil mass ~i.e.,c Jt o v , a., r XI (= r^-are kno^-n.the norrr.al 
stress o and the shear stress r on an inclined plane BE (Fig. 32) can be conveniently 
determined graphically by means of a Mohr’s circle. The procedure for the construction 

of the Mohr's circle is explained below. 

The sign convention for normal stress is positive for compression and negative for 
tension. The shear stress on a given plane is positive if it tends to produce a clockwise 
rotation about a point outside the soil element; it is negative if it tends to produce 
a counterclockwise rotation. This is shown in Fig. 33. Thus, referring to plane AB 
in Fig. 3 3, the normal stress is +o x and the shear stress is Similarly, on the 

plane AD the stresses are + o, and — t x! . The stresses on the planes AB and AD can be 
plotted graphically with normal stresses along the abscissa and shear stresses along 
the ordinate. The points B and D in Fig, 3.4 refer to the stress conditions on Lhe planes 
AB and AD respectively. Now, if points B and D are joined by a straight line, the line 
win intersect the norma) stress aois and O’. If a circle BP, DP, is drawn with O' as the 
center and OB as the radius, it will be the Mohr’s circle. The radius of the Mohr’s 



circle is 



x 




Any radial line in a Mohr’s circle represents a given plane, and the coordinates of the 
point of intersection of the radial line and the circumference of the Mohr’s circle 
. gives the stress condition on that plane. For example, let us find the stresses on the 
plane BE. If in Fig. 3.2 we start from the plane AB and move an angle £ in Lhe clockwise 
I direction, we reach the plane BE. In the Mohr’s circle in Fig. 3.4, the radial line 
O'B represents the plane AB . We unil have lo move an angle 26 in the same clockwise 
direction to reach point F. Now, the radial line O F in Fig. 3.4 represents e p e 
B£ 0 f Fig. 3.2. The coordinates of the point F will give us the stresses on the plane t 
Note that the ordinates of the points P, and P 3 are zero, which means that O P, 



Neoalive 
shear stress 




Fif, 3.3 Sign convention for shear 
stress used for the construction of 
Mohr’s circle. 



O'B = n'O’G* x 5G’ = 



o r - a,' 



(3 2) 






Sh««r nr*" 
(+ v«) 
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Fij. 3.4 Mohr’s circle. 



in the clockwise direction from O'B . So, in Fig. 3 2, if we move from plane AS through 
an angle 



] tan' 1 




we will reach the plane BP X on which the principal stress a P ^ acts; similarly, moving 
clockwise from the plane AB through an angle 



il8Q° + um' 1 


( ?T “ ) 


1 = 90 3 + 1 tan' 1 


L 


NO* — 0; / 


j • v a ,-o t y 



we reach the plane on which the principal stress acts. 



3.1 .3 Stresses due to a Vertical Line Load on the 
Surface of a Semi-infinite Mass 

Figure 3.5 shows the case where a line load of q per unit length is applied at the surface 
of a homogeneous, elastic, and isotropic soil mass. The stresses at a point P defined 
by r and 8 can be determined by using the srre is function 



0 = — rd sin 8 
ir 



0-5) 



C- In the polar coordinate system, die expressions for the stresses are is follows 

(see any theory of elasticity text, e.g., Timoshenko and Coodier, 1970); 



and O'P-i represent 

OP } - °/>( li- 



the major and minor principal plane: and that OP x - c P{x) and - 
Ox + . 






= OP { = 00' + 0‘P X = — 



°x - °: 



+ T 



and 



Ox+°, . li a *-° M 

°n»-op>-oo'-o'P^—- l — ) +T « 



03) 

0-4) 



where o P(1) and o, 0) .»re the major and minor principal stresses, respectively. 

Note Jhat Kox + O = >(o, (1) + «,(») is the intermediate 

Also note that the pnnapal plane 0‘P X in the Moor's circle can be reached by moving 

clockwise from O'B through an angle 
BO'P , = tan' 1 ( “) 

'Ox Oj / 

The other principal plane 07>, can be leached by movanj riuoueh an ansle 



180 ‘ + u ""(t^) 



1 

O r =~ — + 
r 3 r 



1 3 2 0 
r as 1 



0 - 6 ) 



q/unit length 




Fij. 3J Vernal line load on the 
surface of a icmi-Lnnniie mm. 
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Substituting the values of i> in the above equations, we get 
o r = i ( - 6 sin 0 j + ( - r cos 6 + ^ r eos 8 - - r6 sm 0 



* c 

=-• — cos 6 

rrr 



0e - o p10 ’ 

• n * t ,.-0 (3n) 

The «o» fewtio# turned in Eq. (3 .5) »ill K-.sfy Ok compatibility cpuapon 

+ i- + - 3 -^) = o (3.13) 

\?,r‘ r hr a® 1 '' \ 9r s r dr r 3 sS‘- 

Also it car. h.» wn that the stresses obtained vn Eqs. (3.9) to (- ->0 satisfy . -ne 
boundary conditions. For 9 = 90° and r > 0, o, = 0; and, at r = 0, o, » theorcucaiiy 
cqual to infinity , which signifies that plastic flow will occur locally. Note l,.at o r and 
Oc are the major and minor principal stresses at point P, . 

Using the above expressions for c P , o gl and T r5 ,we can derive the stresses in ^e 

rectangular coordinate system (Fig. 3.6): 

^7 , , 

Oj = o, ccs 3 6 4 o e sin' 9 — 2r re sin 9 cos 6 - ^ cos 9 

_ ^ / 2 V = (3.13) 

r \/z 3 + z' 5 War 2 + z* 1 ' tt (rr 3 4- 2 3 ) 3 



■(x’+l’V 



Similarly, 



o x = c r sin 1 6 + Og cos 3 6 - 2r rfi sin 0 = _ !-• 

arrd r XI = — c s sin 9 cos & + o, sin 6 cos 0 + f r g(cos 3 5 — sin 3 0) 

= ^ (3 

n ( a 3 + ^') 3 

For the plane strain case, 

° y = v (,°t + °*) 

The values for c,, c.. and in a non dimensional form are given in Table 3.1 . 
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Table 3.1 Values of oJ{ql z). o x l(qlz ), and r xt l(qlz ) 



[Eqs. (3.13) to (3.15)) 




0 


0.63" 


0.1 


0.624 


0.2 


0.589 


0.3 


0.536 


0.4 


0.473 


O.S 


0.407 


0.6 


0.344 


0.1 


0.287 


0.8 


0.237 
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Example 3.1 For the point A in Fig. 3.7, calculate the increase of vertical stress 
o. due to the two line loads. 

Solution The increase of vertical stress HA due to the line load q x - 20 kN/m is 
x 2 m ^ 
z 2 m 

From Table 3.1 , for x/z = 1 , a./(q/z) = 0.159. So 

o t(1) = 0.159 j - 0.1 59 1.59 kN/m 2 - 

The increase of vertical stress at A due to the line load q^ = 30 kN/m is 
x 6 m 

z 2 m 

From Tabic 3. 1 , for xjz =3, o t /(q/z) ~ 0.006. Thus, 

0,(2) = 0.006 = 0.006 (y) = 0.09 kN/m 2 

So, the total increase of vertical stress is 
o . = o l(1) + o l(J) = 1 .59 + 0.09 = 1.68 k/V/m 2 



3.1 .4 Stresses due to a Horizontal Line Load on the 
Surface of a Semi-infinite Mass 

The stresses due to a horizontal line load of q per unit length (Fig. 3 .8) can be evaluated 
by a stress function of the form 

q 

$ = — rfj cos 9 (316) 

n 

• Proceeding in a similar manner to that shown in Sec. 3.1 3 for the case of vertical 
line load, we obtain 

M . . 

a, = — sin 9 
nr 



(3.17) 



STRESSES IN SOIL MASS 175 




o 

II 

o’ 


(3.18) 


*rd = 0 


(3.19) 


In the rectangular coordinate system, 




2 q xz 2 

: ir (x 2 + z 2 ) 2 


(3-30) 


2q x 3 

rr (x 2 +z 2 ) 2 


(351) 


2q x 2 z 
T ” tt(x 2 + z 2 ) 2 


; (352) 


r the plane strain case, o y — v(cr x + o.). 

Some values of o Xi a., and r x; in a ncndimensional torm are given 


in Table 3 5. 



3.1.5 Stresses due to a Line Load Inside a Semi-infinite Mass 

Vertical line load.. Melan (1932) gave the solution of stresses at a point P due to 
a vertical line load of q per unit length applied inside a semi-infinite mass (at point 
A , Fig. 35). The final equations are given below: 

qi 1 1(2-8)^ (: t d) [(: + d) : + 25:) 8 dz{dAi)x- \ 

% 4 1 



l — 2v / z — d 3r + d 

+ + 

4(1 -^V r; . r* 




(3.23) 
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Vji 



qx t 1 f(r - d) 2 ^ z 2 ~ldz r d 2 + tez{d ± z) 2 ~\ 
7T \ 2(1 — L r* r} '•J J 



1 -2*/ [ 1 1 4:(J + 2 ) 



4(1 -v)lrj r 3 



Horizontal line load. For a horizontal line load of intensity q per unit length (Fig. 
3.10), Melan’s solutions for stresses may be given as follows: 

_ qx f 1 Uz ~d? d 2 ~r 2 + Sdz ^ S d: x' 1 



it 1 2(1 — !•’) L rj r: r* 

1 - 7v r 1 1 4 z{d + 2 ) 1 | 

4(1 — ^) l r ? r \ r 2 ^ 

qx , l r jr 7 ^ x 2 + Sdz + 6d 2 ^ 8dz(d + z) 2 



n 12(1 -u)[rf 



1 “ 2U f ' x 3 + Z ) 

4(1 rj r i 



q( ) (z-d)x 2 (2 dz+x 7 )(d + z) Sdztd + z)*M 

T * J== n 12(1 -T)l 7f + r* r 3 J 

1 — 2» rz — d 3r + d 4z(rf + z)'ll 

+ 4 (i^br + r \ t ^ 
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3 16 Stresses due to a Vertical Line Load on an 
Elastic Soil Layer Underlain by a Rigid Rough Base 

Figure 3.11 shows an elastic soil layer of thickness h and underlain by a rigid rough 
base. A line load q per unit length is acting on the surface of the sod layer. The vertical 
stress at a point can be expressed as (Pouios, 1966) 



O! 




(3.29) 



where m is the vertical stress at a point i, z, and i t is the influence factor, wluch is 
a function of z\h , x\h, and p. The values of/, for vanous values of */M/* , and v are 
given in Table 3 3 . 



3.1 .7 Uniform Vertical Loading on an Infinite Strip on the 
Surface of a Semi-infinite Mass 

Figure 3.12 shows the case where a uniform vertical load of q per unit area is acung 
on a flexible infinite strip on the surface of a semi-infinite elastic mass To obtain the 
stresses at a point P{x, z), we can consider an elementary stnp of width ds located at 
a distance s from the center line of the load. The load pet unit length of this elementary 
strip is q -ds, and it can be approximated as a line load. 

The increase of vertical stress. o fI at P due to the elementary stnp loading can 
be obtained by substituting* - s for * and q ds for q in Eq. (3.13). or 

^ 4* z 3 (3.30) 

rr [(*-5 ) j + zM 7 

The total increase of vertical stress. o„ at P due to the loaded strip can be deter- 
mined by integrating Eq. (3 .30) with limits of s = b to i = so. 



°i = 




2 q r* * 3 
_ — ds 



Q 





tan’ 1 



x + b 



2 bz{x 2 - z 7 - b 1 ) | 

(x J + z 1 -b' 1 ? + 4b VJ 



(331) 







q.'unii length 
' ► 








l 


3 


• PU. *1 

r 

r 




Rigid Case 



Fij. 3.11 Vertical line load on a finite elaitic 
layer. 



B = 




Fij. 3.12 Uniform vertical loading otiin infinite strip. 



*- 



In a similar manner, referring to Eqs. (3.14) and (3.1 5), 



Ox = 








r. 




tan’ 1 

x - b 




10 -;) J + z ■]■ 



Z , 2bi(x' -: 2 -b 1 ) ] 

x + b (r ! r 2 : -i : ) ; T 4b I r 1 J 
4 oqxz* 

ds = 

rr(jr l + z* - b') z + 4 b : z : 



(3 32) 
(333) 



Some nondimensional values of o./q, a x /q, and T IZ /q ire given in Table 3.4. 

The expressions tor o., a, , and r XI given in Eqs. (3 31) to (3 33) can be presented 
in a simplified form: 



o t = - [a + sin a cos (a + 25)] 

TT 

Q r 

o, = - [a — sin a cos (a 4- 25)] 
n 

Q , 

t z: - — [sin a sin (a + 25)] 
n 

where a and 5 are the angles shown in Fig. 3.12b 



(3 34) 
(3 35) 
(336) 



3.1.8 Unitorm Horizontal Loading on an Infinite Scrip on the 
Surface of a Semi-infinite Mass 

U a unitorm honaontal load is applied on an infinite strip of width 2 b as shown in 
Fig. 3.13, the stresses at a point inside the semi-infinite mass can be determined by 



Table 3.3 Influence value.* ! t v cr(lcnl »lrc.u cf t tine In n line IimiI | S.q. (3.ZV)| 
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Table 3.4 Values of ojq, a x !q, and t xi for vertical strip loading 
(Eqs. (3.31) to (3.33)] 





(1) 


(2) 


(3) 


(4) 


(5) 


r 


lib 


lib 


o.Jq 


° x Iq 


t xx IQ 




0 


0 


1.000 


1.000 


0 






0.5 


0.9594 


0.4493 


0 






i.o 


0.3183 


0.1817 


0 


: ” > 




1.5 


0.567 8 


0.0803 


0 


5 - . 




10 


0.5508 


0.0410 


0 






15 


0.4617 


0.0223 


0 




0.S 


0 


1.000 


1.000 


0 


' ; :N: ? ! 




0.25 


0.97 87 


0.6214 


0.0S22 






0.5 


0.9028 


0.3920 


0.1274 






1.0 


0.7352 


0.1863 


0.1590 


gV . 




1.5 


0.6078 


0.0994 


0.1275 






10 


0.5107 


0.0542 


0.0959 


! c. ' 




IS 


0.4372 


0.0334 


0.07 21 




I.Q 


0.25 


0.4996 


0.4203 


0.3134 






0.5 


0.4969 


0.3472 


0.2996 






1.0 


0.4797 


0.2250 


0.2546 






1.5 


0.44 80 


0.1424 


0.2037 


f ■ 




10 


0.409 S 


0.0903 


0.1592 






15 


0.3701 


0.0595 


0.1243 


1 C' 1 


1.5 


0.25 


0.0177 


0.2079 


0.0606 


* 




0.5 


0.0892 


0.2850 


0.1466 






1.0 


0.2488 


0.2137 


0.2101 






1.5 


0.2704 


0.1807 


0.2022 






10 


0.287 6 


0.1263 


0.1754 


G 




15 


0.2351 


0.0892 


0.1469 




10 


0.25 


0.0027 


0.0987 


0.0164 


; '/T 




0.5 


aoi94 


0.1714 


0.0552 


1 




1.0 


0.0776 


0.2021 


0.1305 






1.5 


ai458 


0.1847 


0.1568 






10 


ai847 


0.14S6 


0.1567 




15 


0.2045 


0.1256 


0.1442 


. r. • 


15 


0.S 


0.0068 


0.1104 


0.0254 


i 

i 




1.0 


0.0357 


0.1615 


0.0739 






1.5 


0.07-71 


0.1645 


0.1096 


i ' ! 




10 


0.1139 


0.1447 


0.1258 


' . 




15 


0.1409 


0.1205 


0.1266 






After L Jurjeruon. The Applicition of Theonei of Elasticity 
ind Plasticity to Foundation Problems. Contribution to Soil Mechanic*, 
1923-1940. Boston Society of Civil Engineers. Boston. 193-1. 
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q/uftit area U s -a 




▼ 



i 

Fig. 3.13 Uniform horizontal loading on in infinite stnp. 



using a similar procedure of superposition as outlined in Sec. 3.1.7 for vertical loading. 
For an elementary stnp of width ds, the load per unit length is q -ds. Approximating 
this as a line load, we can substitute q ds for q and x —$ for .t in Eqs. (3.20) to (3.22). 
Thus. 



7 q f f = Cjc - si." 
a. ~ Ja. = — 

J ' n J f ,. a (!.t ~sj : - : : j J 

4 bqxi' 

.a ( { .T * + r 1 - h : ) : + 4o : : : ] 



J » J.--6 +--T 



, (.t + £>) : + ’ : 4h.tr 1 

= - 2.303 log ; ; 

" L (.x — b)' -F z‘ (a 1 + c : — b : ) : a 4p 2 : 1 



J n J, 



7q r* 3 {x -s) z Z 






d .. i , - 7b:(x z — r : — b z ) 

- - tan tan' 1 + 

” x-b x~b (x 1 + z- - b : y 4h : ; : 
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Note That Eq. (3 37) is in the same form as Eq. (3 33), and Eq. (3 39) is in the" 
same form as Eq. (332). 5o the nendimensjonaj values given in eo). 5 of Table 3.4 
can be used for Eq. (33 7), and those given in col. 4 of Table 3.4 can be used for Eo 
(339). Some n on dimens, on ai values for o a (Eq. (338)] are given in Table 3.5 

The expressions for stresses given by Eqs. ( 337 ) to (3.39) may also be amplified 
as follows: 

a f ~2(sinosto(e + 2 fi)} (3 40) 

<7 . . R } 

°7~~ [ 2 -jCj log — — sin o sin (o + 26)] n 4 js 



Vr - ~ (o — sin q cos (q - 1 - 26)] 
where R u R 3 ,a,zrd b are as defined in Fig. 3.13. 



3.1 ,9 Linearly Increasing Vertical Loading on an 
Infmitc Strip on the Surface of a Semi-infinite Mass 

Figure 3.14 shows 1 vertical loading cn an infinite strip of width 2b. The load increases 
irom zero to q across the width. For an elementary strip of width ds , the load per unit 
length can or giver, as (q{lb)s ds. Approximating this as a lineio 2 d, we can substitute. 
( 4 / 2 i>)s cfr for <7 andx-j for * in Eqs. (3.13) to (3.1 5) to determine the stresses at 
a point (x , z) inside the semi -in finite mass. Thus, 



r - L„ = f±_\&\ f r=2b z 3 s* 

J \2iULo (fr^) 5 T?p 



q / X 

- — - o — sin 26 
2 n \ b 



( . ( l \ f2q\ (■*» (x -j) J zi dr 

~ 1 a G i ~ ( ~ ] ( — ] ! 

v \7b, \ w / Jo [(* ~i)‘ + z 2 ] 2 

<7 ; x z R] \ 

= -|-°-23°3-lo g ^ + s^) 

J \2bl\z)J 0 ((x-j) 2 4- 2 2)2 

® ~ (l + cos 26 - i 

Nondimensioasa '■slues of 0 . (Eq. (3.43)] are given in Table 3.6. 



Tab/c 3.5 Values ore,.'/? f Eq. ( 3 . 38 )] 
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Fij. 3.14 Lincaily increasing vertical loading 
on an in finite strip. 



3.1.10 Vertical Stress in a Semi-infinite Mass due to 
Embankjnent Loading 

, . . necessary to determine the increase of vertical stress in a 

due* co embankment loading. This can be done by ih.rn.ihod of superposidon 

che ^«a“, X due co Che loading shown in R». 3.15b ™ua Che cue* ac X due co 

Eq F p 3 «) W,th ' vtrlicl1 !II£S! 3 ‘ A t0 *' '° ldinS ShWn 

Fig. 3 .1 5o Is 



q + ( bla)q 



(“i + «:) 




ble 3.6 Values of ajq [Eq. (3-43)1 



0.0003 

0.0008 

0.0041 

0.0748 

0.4797 

0.4220 

0.0152 

0.0019 

0.0005 



0.0018 

0.0053 

0.0217 

0.1273 

0.4092 

0-3524 

0.0622 

0.0119 

0.0035 



0.00054 

0.0140 

0.0447 

0.1523 

0.3341 

0.2952 

0.1010 

0.0235 

0.0097 



0.0107 

0.0249 

0.0643 

0.1592 

0-2749 

0,2500 

0.1206 

0.0457 

0.0132 



0.0170 

0.0356 

0.0777 

0.1553 

0.2309 

0.2148 

0.1263 

0.0596 

0.0274 



0.0235 

0.0443 

0.0354 

0.1469 

0.1979 

0.1872 

0.1258 

0.0691 

0.0353 



0.0347 

0.0567 

0.0394 

0.1273 

0.1735 

0.1476 

0.1154 

0.077 5 
0.0432 
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Fig- 3-15 Vertical stress due to embankment loading. 



Note that in this case we have substituted a + b for .x, (a + b)l 2 for 6, and «t, -fa, 
for cr in Eq. (3 .43). 

Similarly, the stress ai A due to the loading shown in Fig. 3.15c is 




Thus the stress at A due to embankment loading (Fig. 3 .1 5a) is 





let, + 




or a. = [ q 



(3.46) 



where / is the influence factor, 






The values of the influence factor for vanous a/i amd 6/r are given in Fig. 3.16. A 
typical problem demonstrating the use of Fig. 3 .1 6 is given in Example 3 2 .. 




Example 3 2 A 10-ft high embankment is to be constructed as shown in Fig. 3.17. 
It the unit weight of compacted soil is I “20 Ib/ft 3 , calculate the vertical stress due 
solely to the embankment at A ,3 , and C. 

Solution q = jH = 120 X 10 = r 200 lb/ft 2 

Verncal stress ac A Using the method of superposiuon and referring to 
Fig. 3.1Sa, 



V- » 



b — : 



o — unit toed 
£r, = tq 
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Fig. 3.16 Influence faeior To: embankment loading. (After J. 0. Ositrbcrg. Influence Values for 
Vcrrica! Stresses in Semi-infinite Mess Due to Embankment Loading, Troc. < Ih International 
Conference on Soil Mechanics and Foundation Engineering,, vof. 1. Bu t tenvoriht, tendon, 1952. j 
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°iA - a i(t) + °z{2) 

For the left-hand section, bjz - 5/10 = 0.5 and a/z * 10/10 * 1. From Fig. 3.16, 
/, = 0396. For the right-hand section, biz = 15/10 ~ 1 .5 and a/z = 10/10 = 1 
From Fig. 3.16,/, =0.477. So, 

°i(a) * (A + A)? = (03 96 + 0.477)1200 = 1 04 7.6 lb/ ft' 

Vertical stress at B: Using Fig. 3.182? , 

* °*(l) + «j(2)“Oj(3) 

For the left-hand secdon, b/z =0/10 = G,a/z = 5/10 = 0.5. So, from Fig. 3.16, 
1 1 — 0.14. For the middle section, b/z = 25/10 = 2.5. a/z - 10/10 = 1 . Hence, 
h =0.493. For the right-hind section,/, = 0.14 (same as the left-hand section). So,' 

o, fl =/,(120X 5) +^(120 X 10)- 7,(120 X 5) = 0.493(1200) 

= 691.6 Ibf ft 1 

Vertical stress at C: Referring to Fig. 3.18c, 

°:C ~ °xU) — °*{2) 

For the left-hand section, biz =40/10 =4, afz = 10/10 = l. So / v = 0.4S8. For 
the right-hand section, 6/2 = 10/10 = l, a/z = 10/10 = 1 . So /, = 0.456. Hence. 

°;c = U 1 -/ 2 )<? = (0.498 — 0.456) 1200 = 50.4 Ibf ft 1 
3.2 THREE-DIMENSIONAL PROBLEMS 




3.2.1 Stresses due to Vertical Point Load Acting on the 
Surface of a Semi-infinite Mass 

Boussinesq (1333) solved the problem for stresses inside a serru -infinite mass due to 
a point load acting on the surface. In rectangular coordinates, die stresses may be 
expressed as follows (Fig. 3.19): . , 



_ 30^2 1 -?v r l (2R+z);c : r 

2it1r 5 3 U(R+z) R 3 (R + :) { ~ R> 

__ 3£ yl z ■ ] ~~ ~ y f 1 ( 2 R + c)j' J 3 

/ 2jt R 5 3 U(R+z) R J (R 



* 2 ff(R i 



_3QrA>2 l-2y(2R + z)x> 

3 7? J (7? + 2) 1 
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3 <2 




2rr R s 


(3.51) 






2n R* 


(3,52) 



where Q = point load 




^ = Poisson’s ratio 



in cylindrical coordinates, the stresses 
•2rr7? 5 



rr.ay be expressed as follows (Fig. 330): 

(3.53) 



Q _ Q_ 3zr 1 1 - 1v ' 

2rrl/2 i R(R -t- :}J (3.54) 

Q t t 

Ob = — (l~ 2 i/l — 

2 " l /?(/? + ;) *»] (3.55) 

_ 

r '' ?*R S (3.56) 
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F,f ' 3J0 Con « n ^»‘^ P°‘"« load (vertical) on the surfac* (cylindrical coordinates) 

3.2 2 Stresses due to Horizontal Point Loading on the Surface 

Figure 3.. 2) shows a horizontal point load Q acting on the surface of a semi-infinite 
mass. The stresses at a point P due to this horizontal line load are as follows: 






3.2.3 Stresses below a Circularly Loaded (Vertical) Flexible Area 




Stresses below the center of the ioaded area. Integration of the Bouxsinesq equation 
pv-n in Sec. 3 .2.1 can be adopted to obtain the stresses below the center of a circularly 
loaded flexible area. Figure 3.22 shows a circular area of radius b being subjected to 
a uniform load of q per unit area. Considei an elementary area dA. The load over the 
area is equal to q-dA, and this can be treated as a point load. To determine the 





i 



1 Diameter = 2b = B 
1 

i OP = r = depth of poiht P 
1 from the surface 

l 
t 




Fig. 3.22 Stresses below the center of » 
circularly loaded area. 
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vertical stress due to the elementary load at a point ?, we can substitute q;dA for 
Q and sjr * + z 1 for R in Eq. (3 .47). Thus 

' (3.63) 

2rr(r J + z 3 ) s/J 

Since dA - r d0 dr, the verdpal stress at P due to the entire loaded area may now be 
obtained by substituting for dA in Eq. (3.63) and then integrating: 



a = In r r = b 2q z 3 r dfl dr 

9sQ J„o Tnir^Tf- 



= Q U 



. l (6 1 +z 2 ) ,n ] 



Proceeding in a similar manner, we can also determine a, and o d at point P as 



q f n 2(1 +u)z | z 3 ) 

° r ° 9 2 l (iHz 5 ) 1 ' 1 (6 1 +z j ) 3/1 1 



Stresses at* any point below the loaded area. A detailed tabulation of stresses below 
a uniformly loaded flexible circular area was given by Ahlvin and Ulery (1962). 
Referring to Fig. 3.23, the stresses at point P may be gjven by 



a.-q(A‘ + B') 0-66) 

a, = q[2vA' + C + (1 - 2v)£] (2.67) 

a d - q[7vA' — D + —2v)£\ (3 . 68 ) 

r„-r „=?C 

where A', S', C, D, £. F. and G are functions of sjb and z/6; the values of these are 
given in Tables 3.7 to 3.13. 

Note that a Q is a principal stress, due to symmetry. The remaining two principal 
stresses can be determined as 

(a t + o r ) ± >/(.o t -a,) 1 + {2 t7f? 




Fij. 3.2 3 Suejsei n any point 
below j cireaUxly loaded ixea. 
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Example 33 Refer to Fig. 3 33. Given that q = 2000 lb/ft 3 , b — 8 ft, and v = 0.45, 
determine the principal stresses at a point defined by s = 12 ft and z = 16 ft. 

Solution j IB = 12 ft/8 ft = 1 ,5;z/fi = 16 ft/8 ft = 2. From Tables 3.7 to 3.13, 
A ' = 0.06275 £ = 0.04078 

£' = 0.06371 £ = 0.02197 

C = -0.00782 G = 0.07804 
D = 0.05589 
So, 

o. = q{A' + £') = 2000(0.06275 + 0.06371) = 252.92 lb/ft 2 
o 9 ~ q [2vA ' — £) + (1 — 2u)£ ] 

= 2000(2(0.45) (0.06275) -0.05589 + [1 -(2) (0.45)] 0.04078} . 

= 9 33 lb/ ft 7 

o,= q [7 vA ' + C + (1 - 2v)£] 

= 2000 (0.9 (0.06275) -0.00782 + 0.1(0.02197)] = 101.71 lb/ft 3 
t, z = qC = (2000) (0.07804) = 1 56.08 Ib/fr 



a 3 = 9.33 lb/ ft 2 = 0 , (iniirmediats principal stress) 

(252.92 + 101.71) i 7(252.92 - 101.71) 2 + (2 X 156.Q8) 7 



354.63 a 346.35 



-) 



a P(i)~ 350.9-4 Ib/fF (major principal stress) 
= 3.69lb/ft 2 (minor principal stress) 



3.2.4 Vertical Stress below a Rectangular Loaded .Area 

The stress at a point P at. a depth : below the comer of a uniformly loaded (vertical) 
flexible rectangular area (Fig. 3.24) can be determined by integration of Boussinesq's 
equations given in Sec. 3.2.1. The vertical load over the elementary area dx -dy may 
be treated as a point load of magnitude q -dx -dy . The vertical stress at P due to this 
elementary load can be evaluated with the lid of Eq. (3.47): 

2q dx dy z 3 

da. = 

* 27t (x 1 +/ + z r ) in - 

The total increase of vertical stress at P due to the enure loaded area may be 
determined by integration of Lhe above equation with horizontal limits of x = 0 to 
x = L and y = 0 to y = ii. Newmark (1935) gave the results of the integration 
in the following form: 



o. = qf , 



(331) 




Table 3.7 Function A' 
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0.2 0.4 



0.6 0.8 



1.2 1.5 2 
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1.0 


1.0 


1.0 


0.1 


.90050 


.89748 


.88679 


0.2 
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.79624 
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0.3 
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.59241 


0.5 


.55279 


.54403 


.51622 


0.6 


.4 8550 
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.45076 


0.7 


.4 26 54 


.4 1874 


.3949) 


0.8 


.37531 


.368-2 


.34 729 


0.9 


.33104 


.324 92 


.30669 


1 


.29269 


.28763 


.27005 


1.2 
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.22755 


.21662 


1.5 
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.15677 
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.50557 


.10453 


.10140 
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.4 644 8 
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.336 76 
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.3124 3 


.265 61 
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.16206 


.27707 
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.19488 


.15253 
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.1 7868 


.14329 
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.1 2570 
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.1 3435 
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. -09011 


.08269 
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.05974 
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.04866 
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0424 1 
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.02532 


.02749 


.02651 
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.01307 








.009 76 
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.00600 





' JWm ' Z £ C ' A! T' r ‘ ^ ^ R - Ucry ’ Tibal »*«J V *lues for Deter 

sTcThL T' *7? and Dcn,ftCUons * Uniform Load on 

i?ace. H/fhwcy Reswch a oard, Bulletin J42, 1962. 
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.05185 


.09192 


.05260 


.0804$ 


051)6 


.0627} 


.04496 


-04 6£0 


.03787 


.03639 


.03150 


.02490 


.02193 




•01573 




•01166 




.00894 




.00703 




.00566 


.004 7 7 


.00465 



ining the. Complete 
Homogeneous Half 



Table 3.8 Function B 
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0 

0.1 

0.2 

0.3 

0.4 

0.5 

0.6 

0.1 

0.8 

0.9 

1 



0.2 



0.4 
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.00043 
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.00065 
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6 .00963 


.00795 
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.00084 
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Tabic 3.8 (Continued) 
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Table 3.9 Function C 
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.01331 


.04939 


.05429 


1.2 


-.15742 


-.15117 


-.13467 -.10763 -.07139 


-.0357 5 


-.00245 


.03107 


.04552 


1.5 


-.12301 


-.12277 


-.11101 -.09145 -.06711 


-.04124 


-.01702 


.01088 


.03154 


2 


-.03944 


-.08491 


-.07976 -.06925 -.C5560 


-.04144 


-.02637 


-.00782 


.01267 


2.5 


-.06403 


-.06068 


-.05339 -.05259 -.04522 


-.03605 


-.028CO 


-.01536 


.00103 


3 


-.04744 


-.04560 


-.04339 -.04089 -.03642 


-.03130 


-.02537 


-.01748 


-.00523 


4 


-.02354 


-.02737 


-.02562 - 02S35 -.02421 


-.02112 


-.01964 


-.01536 


-.QC9S6 


5 


-.01886 


-.01310 




-.01568 






-.00939 


6 


-.01333 






-.01113 






-.00319 


7 


-.00990 






-.00902 






-.00678 


8 


-.00763 






-.00699 






-.00552 


9 


-.00607 






-.00423 






-.00452 


10 












-.00331 


-.00373 



After R. C. Ahlvin and H. R. Ulery. Tabulated Values for Determining the Complete 
Pattern of Stresses. Strains and Deflections beneath a Uniform Load on a Homogeneous Half 
Space, Highway Research Board. Bulletin 342. 1962. 



i 03 





r/6 3-‘ 4 5 6 7 8 10 12 14 



1.2 -.00995 -.00632 -.00378 -.00236 -.00156 -.00107 

1.5 -.00669 -.00600 -.00401 -.00265 -.00181 -.00126 -.00068 -.00040 -.00026 

2 .00023 -.00410 -.00371 -.00273 -.00202 -.00143 -.00084 -.00050 -.00033 

2.5 .00661 -.00130 -.00271 -.00250 -.00201 -.00156 -.00094 -.00059 -.00039 



3 


.01112 


.00157 


-.00134 


-.00192 


-.00179 


—.00151 


-.00099 


-.00065 -.00046 


4 


.01515 


.00595 


.00155 


-.00029 


-.00094 


-.00109 


-.00094 


-.00068 -.00050 


5 


.01522 


.00310 


.00371 


.00132 


.00013 


-.00043 


-.00070. 


-.00061 -.00049 


6 


.01380 


.00367 


.00496 


,00254 


.00110 


.00028 


-.00037 


-.0004 7 -.00045 


7 


.01204 


.00842 


.00547 


.00332 


.00135 


.00093 


-.00002 


-.00029 -.00037 


3 


.01034 


.00779 


.00554 


.00372 


.00236 


.00141 


.000 3 S 


-.00008 -.00025 


9 


.00883 


.00705 


.00533 


.00386 


.00265 


.00178 


.00066 


.00012 -.00012 


10 


.00764 


.00631 


.00501 


.00382 


.00281 


.00199 








i/b 3 4 5 6 1 8 10 1 2 14 



00 0 0 00000 0 



0.1 .00403 


.00164 


.00082 








0.2 .00796 


.00325 


.00164 


.00094 


.00059 


.00039 


0.3 .01169 


.004 83 










0.4 

0.5 .01324 

0.6 
0.7 


.00773 


.00399 


.002 31 


.00146 


.00098 .00050 .00029 .0001 S 



1 


02726 


.01333 


.00726 


.004 33 


.00273 


.00133 


.00093 


.0005? 


.00036 


1.2 


.02791 


.01467 


.00824 


.00501 


.00324 


.00221 








1.5 


.02652 


.01570 


.00933 


.00535 


.00336 


.00266 


.00141 


.00083 


.00039 


a 


.02070 


.01527 


.01013 


.00321 


.00462 


.00327 


.00179 


.00107 


.00069 


2.5 


.01384 


.01314 


.00937 


.00707 


.00506 


.00369 


.00209 


.00123 


.00033 


3 


.00792 


.01030 


.00888 


.00639 


.00520 


.00392 


.00232 


.00145 


.0009'. 


4 


.00033 


.00492 


.00602 


.00561 


.004 76 


.00389 


.00254 


.00163 


.001 1 : 


5 


-.00293 


-.00123 


.00329 


.00391 


.003 80 


.00341 


.00250 


.00177 


.00! ' 


6 


-.00405 


-.00079 


.00129 


.00234 


.00272 


.00272' 


.00227 


.00173 


.00 : ; 


7 


-.00417 


-.00130 


-.00004 


.00113 


.00174 


.00200 


.00193 


.00161 


.00 1 ■' . 


S 


-.00393 


-.00225 


-.00077 


.00029 


.00096 


.00134 


.00157 


.00143 


.00 1 - . 


9 


-.00353 


-.00235 


-.00118 


-.00027 


.00037 


.00032 


.00124 


.00122 


. 00 ' 


10 


-.00314 


-.00233 


-.00137 


-.00063 


.00030 


.00040 
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Table 3.10 Function D 



sib 



lib 0 0.2 o< 0-6 0.8 



1.2 1,5 




0 0 0 0 



o.l 


.04 9 2 6 


.04 9 98 


■ C5235 


0.2 


.094 29 


.093 S 2 


.09900 


0.3 


.23181 


.13305 


.24051 


0 4 


.26008 


.16070 


.2 6229 


0.5 


.2 7889 


•17917 


.1 7626 


0.6 


.18915 


.18867 


.18573 


0.7 


.19244 


-19132 


.186 79 


0.8 


.19046 


.18927 


.1 6348 


0.9 


.18461 


• ISM ? 


.1 7709 


1 


.17678 


.1 7503 


.16886 


1.2 


.15742 


.15618 


.15014 


1.5 


.12801 


.1 2754 


.12237 


2 


.08944 


- D9080 


.08668 


2.5 


.06403 


.06565 


.06284 


3 


.04744 


.04834 


.04760 


4 


.02854 


.02926 


.02996 


5 


.02 686 


.01950 




6 


.02533 






7 


.00990 






8 


.00763 






0 


.00607 







0 0 0 



.05716 


.06687 


.07635 


.10546 


.11431 


.10532 


.14062 


.14267 


.12745 


.16288 


.15756 


.13696 


- P48 ) 


.164 03 


. 1*074 


.1 7687 


.16489 


J4J37 


.1 7782 


.16229 


.13926 


.1 7306 


. 157J4 


.13548 


.16635 


.15063 


.13067 


.1 5824 


■ I43 «< 


.12513 


.14073 


.12623 


.1 2 34 0 


.11549 


.10657 


• 0S6C5 


.05273 


.07814 


.07187 


.06065 


.05777 


.05525 


.04548 


. C4 39i 


.04 155 


.02798 


.02724 


.02661 



- 01 8 ] 6 
.01331 
00966 
• OG759 
.00746 



0 0 0 



.04106 


.01803 


.00691 


.07139 


. 03*44 


.01359 


.09078 


.04817 


.01982 


.10248 


.05887 


.02545 


. 1089 * 


.066 70 


• D3039 


.11186 


•0721 2 




.11237 


.07551 


.03801 


.11115 


-07728 




.10866 


.07788 




. 105*0 


.07753 


.54456 


.09757 


.074 8 * 


.04 5 75 


.08491 


•06833 


.54539 


.06566 


.05589 


. 0*103 


.05069 


.044 86 


.03532 


.03963 


.03606 


029S3 


.02568 


.02408 


.021 10 
.01535 
.01149 
.00899 
.00727 
.00601 




.0054 2 


.00506 



AJici R. C. AU'in an d H. R. ITIery, Tabulated 
f'jitem of Stresses, Strains and Deflections beneath a 
Spaa, Highly Research Board, Bulletin 3*7. 1962. 



Values for Determinini the Complete 
Uniform Load on a Homopcntcus Half 



Table 3.11 Function £ 



s/b 



: < b 0 0.2 0.4 0.6 



0 


.5 


.5 


.5 


-5 


0-1 


.45025 


.449494 


.44698 


. 44)73 


0-2 


.40194 


.4004 34 


.39591 


.38660 


0.3 


.35633 


.35428 


.33809 


.33674 


0.4 


. 31*31 


.31214 


.30541 


.29298 


0J 


.27639 


.27407 


.26732 


.25511 


0.6 


.24275 


.24 24 7 


.23411 


.22289 


0.7 


.21327 


.21112 


.20535 


.19525 


0.8 


.1 8765 


.16550 


.18049 


• 17]?0 


0.9 


.16552 


.16337 


.15921 


. 1517 ? 


1 


.14645 


. 14/83 


H610 


.5 3472 


1.2 


.11589 


. 1)435 


.11201 


.10741 


1-5 


.08398 


.08356 


. 0815 ? 


.07 £5 5 



200 



.8 


1 


1.2 


1.5 


2 


.5 


.5 


.34722 


.22222 


.12500 


43008 


.35198 


.3044 5 


.20399 


.13606 


.36798 


.32802 


.26598 


.18633 


.11121 


.31576 


.25003 


.2331 1 


.16967 


.104 50 


.27243 


.24200 


.20526 


.15428 


.09801 


.23639 


•21119 


.16165 


-14028 


.09180 


.20634 


.18520 


• 36155 


• 12759 




-18093 


.16356 


-14421 


.11620 


-08027 


.15977 


.3 4523 . 


.12928 


.10602 




-14168 


.12954 


.11634 


-09686 




.12618 


.11611 


.10510 


.08865 


.06552 


.10140 


.09431 


• 086S7 


.07476 


.05728 


■ 07.5 i 7 


.0707 3 


.06611 


.05871 


.04703 



/ 





1 













s/b 










i/b 


3 


4 


5 


6 


7 


8 


JO 


12 


14 


0 


0 


0 


0 


0 


0 


.0 


0 


0 


0 


0 i 


,00193 


.00080 


. 000*1 












02 


.00354 


.00159 


.00081 


.00047 


.00029 


.00020 








0.3 


.00927 


.00238 
















0.4 




















0.5 


.00921 


.00390 


.00200 


.00116 


.00073 


.00049 


.00025 


.00015 


.00009 


0.6 


















0.7 




















0.8 




















0.9 




















1 

1.2 


.01611 


.00725 


.00382 


.00224 


. 001*2 


.00096 


.00050 


.00029 


. 000)8 


.01796 


.00835 


.00446 


.00264 


.00169 


.00114 






1.5 


.01983 


.009 70 


.00532 


.00320 


.00205 


.00140 


.00073 


.0004 3 


.0002 7 


2 


,02098 


. 0)117 


.0064 3 


.00398 


.00260 


• OOP9 


.00095 


.00056 


.00036 


2.5 


.0204 5 


.01183 


-00717 


.004 5 7 


.00306 


.00213 


.00115 


.00068 


.00044 




.01904 


.01187 


.00755 


.00497 


.0034 ) 


.0024 2 


.00133 


.00080 


.0005 2 




.01552 


.01087 


.00757 


.00533 


.00382 


.00280 


.00160 


.00100 


■ 0006S 


5 


.01230 


.00939 


.00700 


.00523 


.00392 


.00299 


.00180 


.00114 


.00077 


6 


■DOS 76 


.00788 


.00625 


•00488 


.00381 


.00301 


.00190 


.00124 


.00086 




-00757 


.00662 


.00542 


. 00*45 


.00360 


■00292 


■00192 


.00130 


.00092 




. 0064 1 


.00554 


.004 77 


.00402 


' .00332 


.00275 


.00192 


00131 


.00096 


9 


.00533 


.004 7 0 


.00415 


.00358 


.00303 


.00260 


.00187 


.00133 


00099 




. 00*4 50 


.00398 


.00364 


.00319 


-00278 


.00239 







i/’b 






sib 


3 


4 


5 6 7 8 10 12 14 


0 


.05556 


.03 2 25 


.02000 . 0)389 .01020 . 0078 ) .00500 .00347 .00255 


0 .] 


.05362 


.03045 


.01959 


0.2 


-05170 


-02965 


.01919 .01342 .00991 .00762 


0.3 


. 0*979 


.02686 





0.4 

0.5 

0.6 

0.7 



.04608 



.02727 .01800 



.01 272 .00946 



.00734 .00475 .00332 



.00246 



1 -07736 .02352 .01602 

1-2 .05425 .02208 .01527 

.03 003 .02008 . 014 1 9 



-01157 

. 0111 ? 

.01049 



. 005 1 4 
•0054 7 
.00606 



.00683 

.00664 

.00636 



.00450 
.004 23 



.00318 

.00304 



.00237 

.00228 



201 








tlb 

t/b 3 4 5 6 7 8 10 12 14 

2 .02410 .01706 .01243 .00943 .00733 .00590 .00401 .00290 .00219 

2.5 .01945 .01447 .01096 .OOSSO .00674 .00546 .00373 .00276 .00210 

3 .01535 .01230 .00962 ' .00763 .00617 .00505 .00355 .00263 .00201 

4 .0 1 034 .00 9 00 .00 7 4 2 .006 1 2 .00511 .00 4 31 .00 3 1 3 .00 2 3 7 .00 1 35 

5 .00774 .00673 .00579 .00495 .00425 .00364 .0027S .00213 .00168 

6 .00574 .00517 .00457 .00404 .00354 .00309 .00241 .00192 .00154 

7 .00438 .00404 .00370 .00330 .00296 .00264 .00213 .C0172 .00140 

3 .00344 .00325 .00297 .00273 .00250 .00223 .00135 .OC 15 5 .0012? 

9 .00273 .00264 .00246 .00229 .00212 .00194 .00163 .00139 -00116 

10 .00225 .00221 .00203 .00200 .00181 .00171 



tib 

t/b 3 4 5 6 7 3 10 12 14 

0 -.05556 —.03 1 2 S -.02000 -.01339 -.01020 -.00731 -.00500 -.00347 -.00255 

0.1 -.05151 -.0296 1 -.01917 

0.2 -.04750 -.02798 -.01835 -.01295 -.00961 -.00742 

0.3 -.04356 -.02636 

0.4 

0.5 -.03595 -.02320 -.01590 -.01 154 -.00875 -.00631 -.00450 -.00318 -.00237 



1 


- 01994 


-.01591 


-.01209 


-.00931 


-.00731 


-.00537 


-.00400 


-.00289 


-.00219 


1.2 


-.01491 


-.01337 


-.01063 


-.00344 


-.00676 


-.00550 








1.5 


- 00379 


-.00995 


-.00870 


-.00723 


,-.00596 


-.00495 


—.On 353 


-.00261 


-.00201 


2 


-.00139 


-.G0546 


-.00539 


-.00544 


-.00474 


-.QCW10 


-.00307 


-.00233 


-.00133 


2.5 


00193 


-.00226 


-.00364 


-.00386 


-.00366 


-.00332 


-.00263 


-.00200 


-.00166 


3 


.00396 


-.00010 


-.00192 


-.00258 


-.00271 


-.00263 


-.00223 


-.00133 


-.00150 


4 


00508 


.00209 


.00026 


-.00076 


-.00127 


-.00148 


-.00153 


-.00137 


-.00 1 20 


5 


00475 


.00277 


.00129 


.00031 


-.00030 


-.00066 


-.00096 


-.00099 


-.00093 


6 


00409 


.00278 


.00170 


.00089 


.00030 


-.00010 


-.00053 


-.C0066 


-.00070 


7 


.00346 


.00253 


.00173 


00114 


.00064 


.00027 


-.00020 


-.00041 


-.00049 


3 


00291 


.00229 


.00174 


.00125 


.00032 


.0004 3 


.00003 


-.00020 


-.00033 


9 


.0024 7 


.00203 


.00163 


.00124 


.00039 


.00062 


.00020 


-.CC005 


-.00019 


10 


.00213 


.00176 


.00149 


.00126 


.00092 


.00070 
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Table 3.13 Function G 



STRESSES IN SOU MASS 205 



s/b 


lib 0 


0.2 


0.4 


0.6 


0.S 


1 


1.2 


1.5 


2 


0 0 


0 


0 


0 


0 


.31531 


0 


0 


0 


0.1 0 


.00315 


.00802 


.01951 


.06652 


.3)405 


.05555 


.00365 


.00159 


0.2 0 


.01163 


.02872 


.0644 1 


.16214 


.30474 


.13592 


.03060 


.006 1 4 


0.3 0 


.02301 


.054 75 


.11072 


.21465 


.29225 


.16216 


.05747 


-01302 


0.4 0 


.03460 


.07853 


.14477 


.2344 2 


.27779 


.20195 


.05233 


.02138 


0.5 0 


.044 2 9 


.09618 


. 1 64 26 


.23652 


.26216 


-20731 


.10385 


.03033 


0.6 0 


-CK 966 


.10729 


.17192 


,22949 


.24574 


.20496 


•1)54) 




0.7 0 


.054 *4 


.11256 


.173 26 


.21772 


.22924 


.19540 


.1 2373 


.047) s 


0.6 0 


-C5590 


.11225 


.16534 


.2038! 


.21295 


.15953 


.12555 




0.9 0 


.05496 


10856 


.15628 


.18904 


.19712 


.17945 


.25881 




! 0 


.05266 


.10274 


.14566 


.174)9 


.18198 


.16584 


.1 2743 


.06434 


1.2 0 


.04565 


C8S31 


.12323 


.14615 


.15405 


.14753 


.1 2035 


.0596 7 


t.5 0 


-03483 


.066SS 


.09293 


.11071 


• 11904 


.11630 


.10477 


.07075 


2 0 


.02102 


.04069 


.05721 


.06946 


.07735 


05067 


.07504 


.06275 


2.5 0 


.05 293 


.02534 


.0361) 


.044 R4 


.051 19 


.05509 


.05668 


.05 1 1 7 


3 0 


.00840 


.01638 


.02376 


.029S4 


.03485 


.0 3 54 3 


.04)24 


.04039 


. 4 0 


.00362 


.00772 


.01)49 


.01460 


.01764 


.02004 


.02271 


.024 75 




.00214 








.00992 




.01343 


.0155) 












.00602 




.0084 5 


.01014 












.00396 






.006 8 7 












.00270 






• 004 81 












.00177 






.0034 7 

















.00199 


.00255 



After R. G. AhJvin wd H. R. Ulery. Tabulated Value; for Determining the Complete 
Pattern of Stresses, Strains and Deflecoonj beneath a Urufonr. Load on a Homortneous Half 
5pace, Highly Research Bocrd, Bulletin 3*2, 1 962. 



L *i 




' "V 



s/b 



ilb 3 



10 



12 



14 






0 

0.1 


0 

.00023 


0 

.00007 


0 

.00003 


0 


0 


0 


0.2 

0.3 

0.4 


.00091 

00201 


.00026 

.00059 


.00010 


.00005 


.00003 


.00002. 


0:5 

0.6 

0.7 

0.8 

0.9 


.00528 


.00155 


.00063 


.00030 


.000)6 


.00009 


1 


.01646 


.00555 


.00233 


.00113 


.00062 


• 00036 


1.2 


-fe/077 


.00743 


.00320 


.00159 


.00087 


-00051 


1.5 


.02599 


.01021 


.004 6 0 


.00233 


.00130 


.00078 


2 


.03062 


.01409 


.00692 


.00369 


.00212 


.00129 


2.5 


.03099 


.01650 


.00886 


.0040? 


.00296 


.00185 




.02886 


.01 745 


.01022 


.006 i0 


.00376 


.0024) 


4 


.02215 


.01639 


.01118 


.00745 


.004 9 9 


.00340 


5 


.01601 


.01364 


.01105 


.00782 


.00560 


.004 04 


6 


.01)48 


.01082 


.00917 


.00733 


.00567 


.00432 


7 


.00530 


.0084 2 


.00770 


.00656 


.00539 


.004 3 2 


5 


.00612 


.00656 


.00631 


.00568 


.004 92 


.004 13 


9 


.004 5 9 


.00513 


.00515 


.004 8 5 


.004 3 8 


.00381 


10 


.00351 


.004 07 


.004 20 


■00411 


.00382 


.00346 



0 . 0 



00004 .00002 



.00015 


.00007 


.00033 


.00016 


.00055 


.00027 


.00052 


.00041 


003 10 


.00057 


.00167 


.00090 


.00216 


.00122 


.00243 


.00150 


.00272 


.00171 


.00278 


.00185 


.00274 


.00192 



0 



.00001 



.00004 

.00009 

.00015 

.00023 

.00032 

.00052 

.00073 

.00092 

.00110 

.00124 

.00133 



4n 






+ tan 



5 + n’ + 1 m 1 + n 3 + I 

M/3 T 



7mn(m 2 4- n 2 4- ])' 



m 



2 + n 3 — m 2 n 7 + 1 



(3.7: 



*here m = Bji and n ~ Ljz. 

The values 0 f j g f w various values of m and n are given in a graphical form 
(1948) 25 ’ A Pl ° l ^ ! ° * 2 Slightjy different form 4lso given by Fadu 

Tor equations concerning the determination of a„ o>, t XJi Ty „ and the read 

« referred to the works of Hoi] (1940) and Giioud ( 1970 ). 

The use of Fig. 3.25 for determination of the vertical stress at any point belc 
2 rectangular loaded area is shown in Example 3.4. 

E-xample 3.4 A distributed load of 50kN/m J is acting on the flexible rcctangu) 
area 6 X 3 m as shown in Fig. 3.26. Determine tire vertical stress at point A whj, 
15 located at a depth of 3 m below the ground surface. 



Fig, 3J4 Vertical rucss below the comer of a uniformly loaded (normal) recUnguW area. 



Solution The total increase of stress at A may be evaluated by summing the 
Presses contributed by the four rectangular loaded areas shown j n Fig. 3.27. Thus, 
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Fia. 3-25 Valuer of/ a for determination of veracal stieu below Oie comer of 4 flexible reciangu. 
loaded*ixei. (»)m-0.1 w l;n *0.1 to -.(b)ffl * l to 10;* = 0.1 to 
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3 m 

▼ . A 



SECTION 

Fia- 3.26 



a z = £?(/, 4- I, + /} + / 4) 

n ^ = ‘ X _1 =1 5 m = £i = Li = os 

n ‘ r 3 5 3 

From Fig. 3.25 , ^ = 0.1' 3 1 . Similarly, 

/! = — =—=05 m, = -= 0.5 /, = 0.035. 

‘ z 3 ‘ * 

/ij = 1 .5 mj = G.5 /j = 0.131 



** = 0.5 m, = 0.5 / 4 =0.035 



So, 



o, = 50(0.131 + 0.035 + 0.131 - 0 085) = 21.6 -LV/m 1 



3.2.5 Stresses due to any Type of Loaded Area 

Newmark (1942) prepared several influence charts for determination of stresses at any 
point below any type of vertically loaded flexible area. These influence chans for 




Fig. 3.27 
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o,. Qj, o y , t x; , and T iy . are given in Figs. 3.26 to 3 31 . (Note that Figs. 3.29 and 3.31 
are for v = 0.5; o, and r x! are not functions of Poisson's ratio and, hence, Figs. 3.28 
and 330 are valid for all values of v.) The procedures for calculating stresses by using 
these influence chans are given below. 

Calculation of c, using Fig. 3.28. Assume that we have to determine the vertical 
stress at a depth z below the point P of the loaded area shown in Fig. 3 32. The 
following are the required steps: 

1 . Adopt a scale such that the distance AlB in Fig. 3.28 is equal to the depth z. 

2. Based on the scale adopted in step 1 , replot the plan of the loaded area. 

3. Race the plan plotted in step 2 on the influence chart in such a way that point 
P is located directly above the center of the chart (shown by broken lines in 
Fig. 3.28). Note that orientation of the positive * and y axes is immaterial in 
this case. 

4. Count the number of blocks, A, of the influence chart which fail inside the 
plan . 

5. Calculate o t as 

a, = q(nn (A) (3.73) 

where IV is the influence value of the chart. 



Ftg. 3.Z8 Influence chart for 
verticil stress o z for all values of 
v. (After ti’ewmark, 1542, taken 
from H. G. Poulos and E. H. 
Devil. "Elastic Solutions for Soil 
and Rock Mechanics. " p. 75, 
Wiley, A>w York. ] 974.} 
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Fig. 3.29 Influence chart for 
o x and o y for y— 0.5. (After 
Newmark, 1942. taken from 
H. C. Poulos and E. H. Davis. 
"Elastic Solutions for Soil and 
Rod Mechanics, " p. SO, Wiley, 
/few York. 1974.) 
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♦ 




u . forv-O j fifierXewmark, 1942, taken from H.C.Poulos and 



-I I- n. ar- 1 o usin° Fig 3.29. To determine the stresses o x and o y at a depth 
Udcuiauoci of o* an- a, «*»". *- of loaded area using 

-- 1 R , 3?« li'w o L plants placed over the mlluence 

Va^fa'sucfa iTy to. ehe'poml P is located directly above the center of the chart, 
.hart in such a y are ^ {0 and in the same direction as 

and the posmve x >- • magnvl ude of a x can now be determined by 

*? p r n X 73 r F «T,e,Ia;,on of^;,T;Le the plan over the tntluence chart 
using Hq. ( • )• f he chart and ^ positive x axis of the plan 

- <*« p °f ' - * - ° r *• — ^ en Eti - 

(3.73) may be used for determmauon of the desired stress. 



y 

A 




Fit 3.32 
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Uniformly lciC«<l 




h 1 E, = Young's modulus 



loaded circular area in 
oie: E, > E,.) 

Calculation of r Xi and using Figs. 3.30 and 3 31. The basic procedure of replotdng 
the plan is similar to that explained above, and the stresses can be calculated by using 
Eq. (3.73). However, care should be taken with the orientation of the positive x and 
y axes of the plan with respect to the positive x and y axes of the influence chart. The 
blocks in Figs. 3 30 and 3 3 1 shown as negative should be counted as negative. So, the 
net value of N to be used in the stress calculation is equal to iV po5 ; tive — iV n<?a{ive . 

3.2.6 Stresses in Layered Medium 

Ln the preceding sections, we discussed the stresses inside a homogeneous elastic medium 
due to vanous loading conditions. Ln actual cases of soil deposits it is possible to 
encounter layered sods, each with a different modulus of elasticity. A case of practical 
importance is that of a stiff soil layer on top of a softer layer, as shown in Fig. 3 33. 
For a given loading condition, the effect of the stiff layer will be to reduce the stress 
concentration in the lower layer. Burmister (1943) worked on such problems involving 
two- and three-layer flexible systems. This was later developed by Fox (1 948), Burmister 
(1953), Jones (1962), and Peattie (1962). 

The effect of the reduction of stress concentration due to the presence of a stiff 
top layer is demonstrated in Fig. 3.34. Consider a flexible circular area of radius 
b subjected to a leading of q per unit area at the surface of a two-layered system as 
shown in Fig. 3 33. £ ( and £j are the moduli of elasticity of the top and the bottom 
layer, respectively, with £, >£,; and h is the thickness of the top layer. For h-b, 
the elasticity solution for the vertical stress a z at various depths belov/ the center ot 
the loaded area can be obtained from Fig. 3.34. The curves of ojq against z/b for 
EilEi = 1 is the simple Boussinesq case, which is obtained by sol-ring Eq. (3.64). 
However, for £, /£ 7 > 1 , the value of ajq for a given z/i> decreases with the increase 
of EJE-i. It must be pointed out that in obtaining these results it is assumed that 
there is no Uippage at the interface. 
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Fig 3 34 Vertical stress below the cente, line of a uniformly leaded (vertical) circuUi «e, in a 

^red system. (After. D. M. Bunnisur, tKASH0 . ** 

Ttitinf Layered Syuems Method, Highway Research Board, Bulletin 1958.1 



The study of the stresses in a flexible layered system is of importance in highway 
pavement design. 

3.2.7 Vertical Stress at the Interface of a Three-Layer Flexible System 

Peattie (1962) prepared a number of graphs for determination of the vertical stress 
e, at the interfaces of three-layer systems (Fig. 335) below the center of a uniformly 
loaded flexible circular area. These graphs are presented in Figs. 336 to 3.67. In the 
determination of these stresses, it is assumed that Poisson's ratio foi all layers is 0.5. 
The following parameters have been used in the graphs: 

,, 0 : 74 ) 

Al "^2 

„ (3-75) 

b 

A = - 
*2 



(3.76) 
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A, (3-77) 

H = - 

For determination of die stresses and m (venical 
7, respectively), we first obtain ZZ, and ZZ, from the graphs. The stresses can 

be calculated from 



o z _ = q(ZZ)) 
and = q(ZZ,) 

Typical use of these graphs is shown in Example 3.5. 



(3.78a) 

(3.786) 



Example 3 5 A flexible circular area' is subjecled to a uniformly distributed load 
of 2000 lb/ft’ as shown in Fig. 3.68. Determine the vertreal stress at the 
interface of the stiff and medium-stiff clay. 



Solution 

£, 1500 ^ 

A ' ~ £, ~ 1000 
h 2 

>S = -= - = 0.2 

6 , .10 



# _ £2 _ 1000 = 4 

Kl ” £ } " 350 

// =— = — = 0.5 
h, 10 



Using the above parameters and the graphs for ZZ„the following ^ble is prepared: 



Unilormly loaded 
. Circular area 
Radius = b 
Load = o/unil area 



u, = 0.5 

E, 




v, =0.5 

E, 



V, = 0.5 
Ej 



Fig. 3.35 Uniformly loaded 
circular area on a three-layered 
medium. 
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,; 'U- 3-54 VjJucj of ZZ. foj A", ~ 0.2 and K t « 20.0. (After K. H. Feottie. f-'ifl. 3.55 Values of ZZ, ioi K , = 0.2 and AT, = 200.0. (After K. fi. /‘eel lit , 

Siren and Strain Foe ion for three Layer Syria us. Highway iUscan.li floiyd, Sire rt and Strain Foe inn for three Layer Sytluint, Highway Keacurcli Jtoa/d, 

H.rl^n.. j-12. IVe,.\) Ih.lleiin 3-1 2, IVoJJ 










, ... .... Pi« j 5 7 Vii,ic« of 7.7,, for A' t — 2.0 and K,~ 20. (After K R. Featne. 

Fig. 3-56 Value, of ZZ, for A', - 2.0 and AT, - c a j x * e „ a „d Strain Factory for Jhree layer Systems. M.*l.w*y Rccarch noarri, 

Stress anti Strain Factors for Three Layer Systems. Il#«r Research n««d. }47 I962j 

Huliclin 342, / 962.) 
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.<, Uog scale) 



Fig. 3.7 0 



ZZi for K-, = 4 and K , = 0.2. 2.0. and 20 are obtained from Fig. 3.69 and then 
plotted as in Fig. 3 .70. From this graph, ZZi = 0.16 for K { = l .5. Thus, 

o {i = 2000(0.16) =J20/6//r 7 

Example 3.6 For the problem given in Example 3.5, calculate the vertical stress 
at a depth of 5 ft below the center of the loaded area using Boussinesq’s solution, 
Eq. (3.64), with E - 1 500 Ib/in 1 . 



Solution From Eq. (3.64), 
b -7 

-=- = 0.4 
z 5 



So, 



o, = 2000 f 1 — 1 - 470 lb! ft' 1 

L [(0.4) J + 1 ) 3/1 j 



3.2.8 Distribution of Contact Stress over Footings 

In calculating vertical stress, we generally assume that the foundation of a structure 
Ls flexible. In practice this is not the case; no foundation is perfectly flexible, nor is 
it infinitely rigid. The actual nature of the distribution of contact stress will depend 
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on the elastic properties of the foundation and the soil on which the foundation Is 
resting. 

Borowicka (1936, 1938) analyzed the problem of distiibution of contact stress 
over uniformly loaded strip and circular rigid foundations resting on a semi-infinite 
elastic mass. The shearing stress at the base of the foundation was assumed to be 
rero. The analysis shows that the distribution of contact stress is dependent on 
a non dimensional factor K, of the form 




(3.79) 



where v s = Poisson’s ratio for soil 

V F ~ Poisson's ratio for foundation material 

= Young's modulus of foundation material and soil, respectively 
£ = [half-width for strip foundation 
\ radius for circular foundation 
T — thickness of foundation 

Figures 3.7 !c and b show the distribution of contact stress for circular and strip 
foundations. Note that A r =0 indicates i perfectly flexible foundation, 2 nd K r = » 
means a perfectly rigid foundation. Thus analysis indicates (hat, for a rigid strip (A, = °*) 
footing, qjq *= 0.67 along the center line (q c is th c contact stress, and q is the load per 
unit area applied on Lhe foundation); for rigid circular foundations, qjq = Q.5 at the 
center. However, in the case of rigid foundations, q c approaches infinity at the edge. 

The practical conditions of rigid and flexible footings resting on sand and day 
soils are considered below. 



Foundations on clay. V/hcn a flexible foundation resting on a saturated clay (<£ = 0) 
is loaded with a uniformly distributed lead (c/unit area), it will deform and take 
a bowl shape. (Fig. 3.72tf). Maximum deflection will be at the center; however, the 
contact stress over the footing will be uniform {q per unit area). 

A rigid foundation resting on the same clay will show a uniform settlement 
3.72 h). The contact stress distribution will Lake a form such as that shown in 
Fig. 3.71, with only one exception; the stress at the edges of the footing cannot be 
infinity. Soil is not an infinitely elastic material; beyond a certain limiting stress 
toctmix)). P^s be flow wifi begin. 



Foundations on sand. For a flexible foundation resting on a cohesionless soil (c = 0), 
the distribution of contact pressure u-il] be uniform (Fig. 3.73o). However, the edges 
of the foundation will undergo a larger settlement than the center. This occurs be- 
cause the soil located at the edge of the foundation lacks lateral confining pressure and 
hence possesses less strength The Iowct strength of the sod at the edge of the founda- 
tion will result in larger settlement 

A rigid foundation resting on a sand layer will settle uniformly. The contact 
pressure on the foundation will increase from zero at the edge tc a maximum at the 
center, as shown In Fig. 3.73 k. 
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Applied load = q/unit area 




U) 



Applied load = q/unit area 




(b) 



Fig. 3.72 Flexible (a) and rigid l b) foundation! on clay. 



Applied load = q/unit area 
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3.2.9 Reliability -of Stress Calculation by Using the Theory of Elasticity 

Only a limited number ot attempts have been nude so fax to compaxe .theoretical 
results for stress distribution with the stresses observed under field conditions. The 
latter, of course, require elaborate field instrumentation. However, from the results 
available at present fairly good agreement is shown between theoretical considerations 
and field conditions especially in the case of vertical stress. In any case, a variation 
of about 20% to 30% between the theory and field conditions may be expected. 

PROBLEMS 

3.1 A line load of q pet unit length is applied at the ground juxface is shown in Fig. P3.1. Given: 
q = 3000 Ib/fi 1 and a =* 0® . 

(a) Plot the variations of c7j, a x , and r XI agiirut x from x = + 20 ft to x = — 20 ft for 
z = 8 ft. 

(b) Plot the variation of a z with r (from i = 0 ft to z = 20 ft) for x = 0. 

(c) Plot the variation of o t with ; (from r = 0 ft to r = 20 ft) for x = 5 ft. 



Line load 
q/unit length 




▼ 

* Fig. P3.1 

3 J Refer to Fig. P3.1. Assume that q = 4S kN/m and a = 90*. 

(a) If r = 5 tn. plot the variation of o,.u I1 and r xr against x for the range x = s 10 m. 
lb) Plot the variation of a, with r for the range r = 0m to: = lOm (for X = 0 m). 

(c) Plot the variation of a z with r for the range ; = 0 m to i = 10m (for x = 5 m). 

3 J Rcler to Fig. Pl.l. Given that q = 3 5 GO lb/ ft. a = 0*, * = 0.35, and : = 5 ft, calculate the 

major, intermediate, and minor principal loesses atx = 0. 5, 10. 15. and 20 ft. 

3.4 Refer to P ig. P3.1. Given that q = 38kN/m. a = 90* , v = 0 J, and z — l m, calculate the 
major, intermediate, and minor prinapai stresses aix = 0,03, l, and 13m. 
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3.5 A line load of 35001b/ft is applied at the pounfl surface as shown in Fig. P3.2. Determine 
the major prindpaj stresses it the gnd points and draw the stress contours, "■'hat is the shape 
of these stress contours? 

Line loud 
3500 Ib/ft 




Fig. P3.2 



2 tt X 10 
= 20 It 



q, / unit lengih 



Q, / unit length 



1 : ; 

- ft 



Rock (rigid rough layerl 



Fig.P3.4 



3.10 Refer to Fig. 3.12b and Eqs. (334) to (336). ^or a uniformly distributed vertical load 
q on an infinite strip on the surface of a semi-infinite elastic layer, derive the following relations 
for the point P: 



Maximum principal stress 



3, — *■ (o 4 sin o) 



3i Refer to Fig. P3.3. Given that o, = 90* . o, = 90* . a = 5 rt. a, = 10 ft. e. = 10 ft, b = i ft, 
C, = 2500 lb/ ft . and g, = 3500 Ib/fl. plot the variation of o, along MN. 

3.' Refer to Fig. P33. Assuming thato l = 30’,a, = 4 5‘’ ( e = 2m,o, = 3m,c, = 5m,b=2m 1 
g, = 4 0VN/m. and c, — 30 kN/m, pioi the variation of o : along AfA*. 



q, /unit length 



M. 

fz. T. 



Q, /unit length 




Fig. P3.3 



Minimum principal stress 



Maximum shear stress 



3, = - (o — sin o) 



<7 . 

= - sin o 



3.1 1 For the infinite strip load shown in Fig. P35, given B = 4 m, q — 105 kN/m 1 , and v = 03, 
draw the variation of o,, o y , o o p (i) (maximum principal Stress), and o/»(3j (minimum principal 
Sties.') wit:, x (from j = +8mtor = —8 m) at 1 = 3 m. 



Strip loading 
q = load/unit ares 



3^ Two line leads are applied on an elastic soil layer (sand) underlain by a rigid rough base as 
shown in Fig. P3.4. Given that q , = 55 kN/m, g, = 35 kN/m, o = 3 m, fi = 5m, b = 2 m. and 
v= 0.2, find the vertical stress o 2 at A'. 

33 Refer to Fig. P3.4. Given that o = 10 ft, b = 6 ft, h = 10 ft. and v = 02, if the stresses at 
points Af and A' are 280 Ib/ft* arid 315 lb/ft’, respectively, determine the magnitude of the loads 
g, and g, in lb/ft. 



Fig. P35 



* 3.12 (c) Determine the vertical stress o x due to the strip load shown in Fig. P3.6 at the grid points 
i* 1 terms of q. 

(b) Fiot the stress isobars for o x /q = 0.9, 0.8 . 0.7, 0.6, 0.5 , 0.4 , 0.3, 0.2, and 0.1 . 




238 ADVANCED SOIL MECHANICS 



STRESSES IN SOIL MASS 239 




0.5b X 12 
= 6b 






Fig. P3.6 






3.13 An embankment is lhown in Fig. P3.7. Civen that B = 5 m, H = 5 m, m = l.S, z = 3m, 

a = 3 m, b = 4 m, and 7=13 kN/m\ determine Lhe stresses at A ,B ,C,D, and £. T 

3.14 Redo PTOb.3.I3fo:£=10ft,//=10ft,/7t = 2,i=10ft,a = 8ft 1 6=3ft,and7=l 10 Ib/ft \ 

3.15 Refer to Fig. 323. Given that k = OS, <7 = 192 kN/m 1 , b = 3 m, and r = 0, calculate the 
vertical stresses, o,, o r , and <j$ at 1 — 0, 0.75, IS, 225, 3, 4 5, and 6 m, and plot the variationj 
against 1 . 



1-B/2-+- B/2^ 




3.16 Refer to Fig. 323. Given that y = 0.35, 17 = 2800 Ib/ft 1 , b = 5 ft, and 1 = 2S ft, determine 
the principal stresses at z = 2S. 5, and 10 ft. 

3.17 Fig. P3.S shows the plan of a loaded area on the surface of a clay layer. The uniformly 
distributed vertical loads on the area are also shown. Determine the vertical stress in a ease it 
A and 3 due to the loaded area. A and B axe located at a depth of 3 m below the ground surface. 



H 3 m » 




V Fig. P3.8 



I 3.18 The plan of 1 rectangular loidcd area on the surface of 1 silty clay layer is shown in Fig. 

P3.7. The uniformly distributed vertical lead on the rectangular area is 3500 Ib/ft’. Determine the 
vertical stresses due to the loaded area at A , 8 , C, D , and E . AU points are located at a depth of 
5 ft below the ground surface. 

3.19 Solve Prob. 3.18 using Newmarlc's chart. 

3.20 Solve Prob. 3.17 using Newmark's chart. 

321 Determine o x and a y for points A, B, C, D, and E stated in fcab. 3.13 using Newmark's 
• „ chart (v = 0.5). 

3.22 Determine a x and a y for points/-! and 3 stated in Prob. 3.17 using Newmixlc's chart (^ = 0.5). 
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CHAPTER 

four — 

PORE WATER PRESSURE ^ 

DUE TO UNDRAINED LOADING 



, nnre W ater pressure In soils due to various loading 
A knowledge of the mcrease ’ m bolh theoretical an.d applied soil mechanics. , 

conditions without drauiag P ^ ^ sufficient ume is allowed toe pore 

If a load is applied very slowly on noincreasc of pore water pressure. However, 

water to drain out. there will be _ > f coe ff lden t of permeability is small 

whcn , >oU to fin* f« dni»* of po,. wu, 

° f y) - ^ CXCKS hydrostatic pressure. In this chapter, mathe- 
This wdl lead to an tncre^e of * r „ various types of undra.ned 
matical formulations for the exc. p 
loading will be developed. 



r 

.jn. 

> 



4 1 PORE WATER PRESSURE DEVELOPED DUE TO 
ISOTROPIC STRESS APPLICATION 

, . qn .i element subjected to an isotropic stress 
*• 1011 * ‘ Bow * d ' “* po " wlttr 

^"^ater pressure wffl «» a change to volume of the pore 

Quid by an amount hP,.This can be expressed as ^ () 

*V p = nV 0 C p Au 

where n = porosity 

r. = compressibility of pore water 
V a = original volume of soil element. 

_ in ill directions of the element is Ao = Ao — Au. The 
lie to ft* effecuve stress utcrease can be given by 

242 
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/ 


•du . 

S 





•a * a ° Fig. 4.1 Soil element under isotropic stress . 

application. 

AF=3QF 0 Ao' = 3QK 0 (Aa-Au) (4.2) 

In Eq. (4.2), Q is the compressibility of the soil skeleton obtained from laboratory 
compression results under uniaxial loading with zero excess pore water pressure, as 
shown in Fig. 4.2. It should be noted that compression —i.e.. a reduction of volume — 
is taken as positive. 

Since the change in volume of the pore fluid, A V p , is equal to the change in the 
volume of the soil skeleton, A V, we obtain from Eqs. (4.1) and (42) 

nV o q, Au = 3QF 0 (Ao-Au) 
and hence 

Au l 

— - 8 = (431 

ao i+*(c^/3Q) ; } 

where B is the pore pressure parameter (Skemplon, 1954). 

The compressibility of pore water, Cp , is very small in comparison to Q;and, for 
all practical purposes, the pore water pressure parameter B is equal to unity. So, for 
saturated soils, the increase of pore water pressure is equal to the increase of isotropic 
stress, i.e., Au = Ao. 




Fig. 4.2 Definition of C c : volume change due to 
uniaxial jtreu application with xero exaeu pore 
water pieinue. Note: V u the volume of the »oil 
element at any value of o'.) 
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4.2 PORE WATER PRESSURE DUE TO UNIAXIAL LOADING 

A saturated soil element under a ^^pUtoed ' tathT pilous section, 

increase of pore water picture be 

the change in the volume of the port water * 

hV p - nV 0 Cp Au 

The increases of A. effective stresses 0" d “'“' F ' 8 ' ' ^ ' 

Direction 1: Ao' = Ao “ Aw 

Direction 2: Ao' = 0 " Au = ~ Au 

Direction 3'. Ao = 0 “ Au - Au 

This ««1 result * ■ change - the volume of the soil s^on. which m*y he wntter, ^ 

A K = QiUAo-A U )+ci;(-A“V +c ^C-^ 
where Q is the coefficient of the volume expansibility (Fig. 4.4). Since „ 
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Table 4.1 Typical values of A at failure 



Type of soil 


A 


Clay with high »ensitivity 


i to IV 


Normally cor.iolidated clay 


V to 1 


Overconsolidated clay 


—V to 0 


Compacted wndy clay 


V to 1 



nV 0 Cp Au = Ql'(Ao - An) - 2QK Au 

Am _ Q (43) 

° f ~b*~ A ~nC p + C c +2C t 

where /I is Lhe pore pressure parameter (Skempton, 1954). 

If we assume that the soil element is elastic, then Q - Q , or 

= 1 (*.*) 

A n (CpICr) "h 3 

Again as pointed out previously, C, is much smaller thin Q. So 

A -1. Howevet, in tealiiy. this is no, the case-t.e., sod ts no ‘ ^ 

Lerial-L-.d the actual value of at varies widely. Some typical ™lo=s of at at fatlme, 
determined from triaxial tests, are given in Table 4.1 . 

4 3 PORE WATER PRESSURE UNDER 
TRIAXIAL TEST CONDITIONS 

A typical stress apptation on a soil element under triaxial test conditions is shown in 
FigTs. (AO, > An,). An is the Inc, care of the pore water p.®e -« ta ie 
To develop a relation between Au, Ao„ and Ao„ we “n com det A.t th s^s 
conditions shown in Fig. 4 Jo are the sum of the stress condttions shown m Ftg.4 Ji 

and c. 

For the isotropic stress Ao 3 as applied in Fig. 4.56, 

(4.7) 

A u b = B Ao 3 

[from Eq. (4 3)] and for a uniaxial stress Ao, - Ao 3 as applied in Fig.43c, 

(4.8' 

Au 0 = A (Ao, — Ao 3 ) 

[from Eq. (4.5)]. Now, 

(43 

Au = Au b + Aiv = 3 Ao 3 + x4(Ao, - Ao 3 ) 

For saturated soil, B = 1 ; so 

(4. 1C 

Au — o 3 + /4(Ao, — Acr 3 ) 
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' The pore water pressure pirsmeters were first suggested by Skemptors (19S4) and, 
hence, are known is Skempton's parameters. 



4.4 HENKEL’S MODIFICATION OF 
PORE WATER PRESSURE EQUATION 

In several practical considerations in soil mechanics, the intermediate and minor 
principal stresses axe not the same. To take the intermediate prmes pal stress tnto 
consideration (Fig. 4.6). Henkel (1960) suggested a modification of Eq. (4.10). 

Aa t A&s 



+ a V(Aa, - AoO 1 + (Ao 3 - Ao,) 1 + (A^j Aa,) 1 
or, A u = Aa oct + 3aAr oa 



Ao, (Major principal row*) 



(4.11) 

(4.12) 





/I 


1 


z 






• Au * 




Aa, 




- 








_1_ 


7 






iff, [Minor principal 



ia, [Imarmediata 
principal stress! 






Fij. 4.6 Saturated soil element with major. 
Intermediate , and minor pnnapal stresses. 
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where a is Henkel’s pore pressure diameter, and Ao 0CJ and A r 0ct axe the increases in 
the octahedral normal and shear stresses, respectively. 

In triaxial compression tests, AOj = Aa 3 . For that condition. 

Act, + 2Aa 3 

^ = EaV^A^-Aoj) (4.13) 



for Aoj and A o 3 in Eq. (4.1 1), which will yield 

Aoi — Aoj _ 

+ a s/2 (Aa, - Aa 3 ) 

or Au = (i + 0 V2) (Aa t - Aa 3 ) 

A comparison of Eqs. (4.8) and (4.14) gives 



(4.14) 



or 



A = (\ + aj7) 



(4.15) 



The usefulness of this more fundamental definition of pore water pressure is that 
u enables us to predict the excess pore water pressure associated with loading conditions 
iUuh as plane strain. This can be illustrated by deriving an expression for the excess 
pore water pressure developed in a saturated soil (undrained condition) below the 
center line of a flexible strip loading of uniform intensity, q (Fig. 4.7). The expressions 
for o z , o y , and a z for such loading are given in Chap. 3. Note that a. > o y > a x , and 
Q y = v(o x + 0j ). Substituting a., a y , and a x for a,, o 3 , and a 3 in Eq. (4.1 1), 




Fij. 4.7 Estimation of uau 
pore water pressure in a 
saturated soil below the crater 
Line of a flexible scrip loading 
(undramed condition). 




248 ADVANCED SOIL MECHANICS 



C, + v (°jt + O + °i , 1 



iK) 



3 3 1 

x v ; i=, - + o*) - °*v + (°* - 



(4 - ,6) 

If a representative value of A can be determined from standard triaxral tests, Lu can 
be estimated . 

Example 4 1 A uniform vertical load of 3000 lb/ft 3 is applied instantaneously 
over a very long strip, as shown in Fig. 4 .8. Estimate the excess pore water pressure 
that wm be developed due to the loading at A and B. Assume that v ~ 0.45 and 
that the representative value of the pore water pressure parameter A determined 
from standard triaxial tests for such loading is 0.6. 

Solution The values of o„ o„ and at >1 and B can be determined from 
Table 3.4. 

At A: xlb — 0,zlb = 6/6 = 1 , and hence 

1. c jjq = 0.81 S3, so 0j = 0.8183 X 3000 = 2454 .9 lb/ft*. 

2 . Cx Iq = 0.1817, so o x = 545.1 ib/ft 3 . 

3. r x: lq = 0.sc: XI = 0. 

Note that in this case a, and a x are the major (o,) and minor (a 3 ) principal stresses, 
respectively. 

This is a plane strain case. So the intermediate principal stress is 
Cj = v(o, + o,) = 0.45 (2454.9 + 545.1)= 1350 lb/ft 3 

Strip load 

, — q = 3000 Ib/h 1 



: i b. * ’.■< 






T G.W.T. 


6 ft 
1 


Cley 


1 

• *t A 


• ! 

R aJ 



Fig. 4.8 
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From Eq. (4.1 5), 



(,_i) ' (°. 6 _L), 0 , ! 



O, + 0, + Oj , - , . 

A u + a V(o, — o,) 3 + (o, — o 3 ) 3 + (o 3 — o,) 3 

2454.9 + 1350 + 545.1 



+ 0.1 89 s/(2454^9 — 13 50) 3 + (1350 - 545. 1) 3 +(545.1 - 24S4.9) 3 

= J 893.9 lb l ft' 

A t B: xjb ~ 6/6 = 1 , a/6 = 6/6 ~ 1 , and hence 

) . ajq = 0.4797, so c, = 0.4797 X 3000 = 1439.1 lb/ft 3 . 

2. ojq = 0.2250, so o, = 0.2250 X 3000 = 675 lb/ft J . 

3. r^fq = 0.2546, so r x , = 0.2546 X 3000 = 763.8 lb/ft 3 . 

Calculation of the major and minor principal stresses is as follows: 

°« + ~~ 3 
a, , o, = — ± / I + t;. 

2 V \ 2 / 

1439.1 + 675 // 14391- 675^ ’ 

= — 5 — VC — i + 763 8 



o, = 1 9 1 1 .07 lb/fl 3 o 3 = 203 .03 lb/ft 3 

o, = 0.45 (1911.07 + 203.03) = 951 3 lb/ft 3 

1911.07 + 203.03 + 9513 

A iv = 

3 

+ 0.1 83 V( 1 9 1 1 .07 - 95 1 .3) + "(95 1 .3 - 203 .03) 3 + (203 .03 - 1 9 j" 1 ,07) 3 

= 14 18. 18 lb l ft 7 

PROBLEMS 



4.1 Derive an expression for the excess pore water pressure Au that will be developed due to the 
undrained loading on a soR sample placed in an oedometer. A o is the increase of vertical stress 
. (Fig. P4.1). 

4 -2 A line load of q = 60kN/m with o = 0 is placed on a ground surface, as shown in Fig. P4.2. 
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pore water _ 
pressure du a Fig, P4-.1 
to Act 

ftf rjoje water pressure at M immediately after appiioidoo of the load for 
Calculate the increase of pore water press 

the cases given bdow. _ , 

(a) z = l0m;a=0m;v = 0J;M-0AS. 

(b) t = 8m;r=0m;r = 0j;A 

(c) z = 5 m;x = 5 m;v - 0.45 M 

(d) 1 ~ iOm;x = 2m;*< = 0.4SM - °- 6 - 

4 J R t 4o ftob. 4 JU). W. w. W> m* 4 = n WN/ m ^ ^ ' 

44 R4d<.Piol..4JW.(H.fe).4n<lW“' 1 ’<' i * 60 ' lN,m “’ d “ = 30 ‘- 

,3 Delcrmuie * •< P~ M < *“ » «“ "* ,h “"' ^ ^ ^ 

„= 03 and a = 0 foe all the cases given below. 

(a) t = 8ft;x =0;A =0.65. 

C b) t = l 2 ft;x = 0 ,M =0i5. 

(c) r = 8 ft;x = 8 ft;A = °-*- 

(d) r = 8ft;x =4ft;M =032. 

4 3 Redo Prob. 4 3(a), CM. (O. ™ d W foc a = 90 ’ ' 

4.7 Redo Prob. 43(a). (M.(0.^ W a “ 45 *‘ 



Fig. P4 2 
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Center 

line 

q = 4500 lb/in’ I 



'li* '" "' " t '' ' V h’- 1 N" ~ 




Silty clay 



Fig. P4 J 



4^ The following are the results of a consolidated undiiined triaxial test on a day (Fig. P4.4): 



a 1t 

ItN/m’ 


do, 

*N/m J 


Au , 

ItN/m' 


Strain 

% 


69 


27.0 


8.91 


0.2 


69 


40.0 


152 


0.4 


69 


58.0 


26.68 


0.3 


69 


63.0 


30.87 


1 


69 


70.0 


37.1 


12 


69 


77.0 


462 


1.6 


69 


83.0 


532 


2 


69 


87.0 


57,42. 


2.5 


69 


88.0 


58.08 


3 


69 


83.0 


57.20 


33 


69 


87.0 


55.68 


4 


69 


83.0 


53.12 


5 




«, — = a*ial stress due 

to application 



Ou = e ncess pore water 
pressure due to 
undr lined loading no 



Fig. P4.4 
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M«ke ihc nc ccsw y calculation! and plot the following: 

(„) Variation of pore pressure parameter A api^st strain, in percent. 

(6) Variation of Henkel’s pore pressure parameter o against strain, in percent, 
a.9 A surcharge of 195VcN/m' was applied over a circular area of diameter 3 m, u shown in 
Fig. TiJ>. Estimate the height of water. A,. that a piezometer would show immediately after the 
application of the surcharge. Assume that A - 0.65 and u = J3-5- 
4 JO Redo Prob. 4.9 5o> point M: i.t., find A,. 



Henkel, D. 3.. The Shear Strength of Saturated Remolded Clays, Proc. Ret. Conf. Sheer Srrtnph 
Cohesive Soils, ASCE, pp. 533-554, 1960. . 

Sketnplon. A. The Pore Pressure Coefficients and B. Ctoicchmque. vol. 4 . pp. 143-U7 , 19M . 



CHAPTER 

FIVE 

CONSOLIDATION 



When a soil lave: is subjected to a compressive stress, such as during the construction 
of a structure’ it will exhibit a certain amount of compression. This compression u 
achieved through a number of ways, including rearrangement of the sofl solids or 
extrusion of the pore air and/or water. According to Terxaghi (1943), "a decrease of 
water content of a saturated soil without replacement of the water by arr * called 
a process of consolidation.” When saturated clayey soils -which have a low coefficient 
of permeability -are subjected to a compressive stress due to a foundation loading, 
the pore water pressure will immediately inaease;however,duetothetowperm<Mbjfcry 

of the soil, there wiU be a time lag between the application of load and the extrusioh 

of the pore water and, thus, the settlement. This phenomenon is the subject of discussion 

of this chapter. 



5.1 FUNDAMENTALS OF CONSOLIDATION 

5.1.1 General Concepts of One-Dimensional Consolidation 

To understand the basic concepts of consolidation, consider a clay layer of thickness 
H. located below the groundwater level and between two highly permeable sand 
layers as shown in Fig. 5.1. If a surcharge of intensity Ao is applied at the groun 
surface over a very large area, the pore water pressure in the day layer will increase. 
For a surcharge of infinite extent, the immediate increase of the pore water pressure, 
v A u, at all depths of the day layer will be equal to the increase of the total stress, 
A 6. Thus, immediately after the application of the surcharge, 

Air = A a 

153 

* 



f 
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ia 




Fig. 5.1 

Since the total stress is equal to the sum of the effective stress and the pore water 
pressure, at all depths of the clay layer the increase of effective stress due to the 
surcharge (immediately after application) will be equal to zero (i.e., Ao' = 0, where 
Ao‘ is the increase of effective stress). In other words, at time r = 0, the entire stress 
increase at all depths of the clay is taken by the pore water pressure and none by the 
soil skeleton. This is shown in Fig. 52a. (It must be pointed out that, for loads applied 
over a limited area, it may not be true that the increase of the pore water pressure is 
equal to the increase of vertical stress at any depth at time t = 0; this fact is discussed 
in Secs. 6.3.2, 6.4, and 6.5.) 

After application of the surcharge (i.e., at time r>0), the water in the void 
spaces of the clay layer will be squeezed out and will flow toward both the highly 
permeable sand layers, thereby reducing the excess pore water pressure. This, in turn, 
will increase the effective stress by an equal amount since A a + A u = A a. Thus, at 
time r > 0, 

Ao' > 0 
and An < Ao 

This fact is shown in Fig. 5.2b. 

Theoretically, at time r = °°, the excess pore water pressure at all depths of the 
clay layer will be dissipated by gradual drainage. Thus, at time r = <», 

Acr' = Ao 
and Arr = 0 

This is shown in'Fig. 5.2c. 

This gradual process of increase of effective stress in the day layer due to the 
surcharge will result in a settlement which is time-dependent and is referred to as the 
process of consolidation. 
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5.12 Theory of One-Dimensional Consolidation 

The theory for the time rate of one-dimensional consolidation was tint proposed by 
Terzaghi (1925). The underlying assumptions in the derivation of the mathematical 
equations are as follows: 

1 . The day layer is homogeneous. 

2. The day layer is saturated. 

3. The compression of the soil layer is due to the change in volume only, which, in 
rum, is due to the squeezing out of water from the void spaces. 

4. Darcy's law is valid. 

5. Deformation of soil occurs only in the direction of the load application. 

6. The coeffident of consolidation Q, [Eq.(5.15)] is constant during the consolidation. 






Stmj incr««i« 
in tn« .-ay 
layer 



Fig. 5.2 Change of pore water piessure 
mil effective jt in the clay layer 
shown in Fig. 5.1 due to the suschar*e. 
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Sind ‘ • 



Fig. 5.3 Clay layer undergoing consolida bon. 



With the above assumptions, let us consider a clay layer of thickness H, as shown 
in Fig. 5J. The layer is located between two highly permeable sand layers. When the 
clay is subjected to 2n increase of vertical pressure, Ao, the pore water pressure at 
any point A will increase by u. Consider an elementary soil mass with a volume of 
dx ■ dy • dz at A ; this is similar to the one shown in Fig. 2.27 b. In the case of one- 
dimensional consolidation, the flow of water into and out of the soil element is in 
one direction only, i.e., in the z direction. This means that q Xl q y< dq x , and aq y in 
Fig. 721b a it equal to zero, and thus the rate of flow- into and out of the soil dement 
can be given by Eqs. (2.80) and (2 .83), respectively. So, 

{q j + dq.) — q. = rate of change of volume of soil dement 



where V = dx dy dz (5.2) 

Substituting the right-hand sides of Eqs. (2.80) and (2.83) into the left-hand side of 
Eq. (5.1), we obtain 

b 7 h ■ bV 

k — - dx dy dz - — (5 3) 

dz‘ bt 

where k is the coefficient of permeability [k. in Eqs. (2.80) and (2.83)]. However, 



where y w is the unit weight of water. Substitution of Eq. (5.4) into Eq. (53) and 
rearranging gives 
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7 W 3 z 3 dx dy dz bt 

During consolidation the rate of change of volume is equal to the rate of change of 
the void volume. So, 

3 V b\' 

— = “ ( 5 . 6 ) 

. 3r 3/ 

where V v is the volume of voids in the soil element. But 

K-tV, ( 5 - 7 ) 

where V 3 is the volume of soil solids in the dement, which is constant, and e is the void 
ratio. So, 

bV be V be dx dy dz be 



bV be V be 
bt 1 bt" 1 + e bt 



1 + e bt 



Substituting the above relation into Eq. (5.5), we get 

- (5.9) 

7w dz J 1 + e 3; 

The change in void ratio, 3c, is due to the increase of effective stress; assuming 
that these arc linearly related, then 

be = -a^b{^o") ■ (5.10) 

where a v is the coefficient of compressibility. Again, the increase of effective stress 
is due to the decrease of excess pore water pressure. 3u. Hence, 

3c = % bu (5.1 1) 

Combining Eqs. (5.9) and (5.1 1), 

- — = — (5 12) 

7w 3z 5 1 + e bt ** bt 

where m„ = coefficient of volume compressibility = — - — (5.13) 



bu k b 7 u b 7 u 

bt 7 M .m v 3z 5 3z J 



where Q, = coefficient of consolidation = (5-15) 

Eq. (5.14) is the basic differential equation of Terzaghi’s consolidation theory 
and can be solved with proper boundary conditions. To solve the equation, we assume 
u to be the product of two functions, i.e., the product of a function of z and a function 
of r, or 
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u^F{z)G(c) (5.16) 

S°. ^ = jF(r ) ^ CC0 = (5.17) 

3 5 u 3 1 

1X1(1 3^ = WW = ^'(^(0 (5.18) 

From Eqs. (5.14), (5 .17), and (5.18), 

^)C'(0 = CT'(z)G(r) 

F\*) GXO 

F(f) wo (S19) 

The right-hand side of Eq. (5.19) is a function of z only and is independent of 

r, the left-hand side of the equation is a function of r only and is independent of z. 
Therefore, they must be equal to a constant, say — B 1 . So, 

r\z) = -B*F(z) (5.20) 

A solution to Eq. (5.20) can be given by 

F{i) ~ cos Bz + Ai sin Bz (5-21) 

where ,4 t and are constants. 

Again, the right-hand side of £q. (5.19) may be written as 

C'(r) = -BXC(0 (5.22) 

The solution to Eq. (5.22) is given by 

G(i) s/t, exp (-5 2 Q,0 (5.23) 

where A^ is a constant Combining Eqs. (5.16), (5.21), and (5.23), 
u = (A i cos Bz + Aj sin Bz)Ai exp (—5 7 C u r) 

= (N* cos Bz + Ai sin Bz) exp (—B l Cj) (5.24) 

where A a = A l A i and A t = A 2 A t . 

The constants in Eq. (5 24) can be evaluated from the boundary conditions, 
which are as follows: 



1 . At time t - 0, u - u t (initial excess pore water pressure at any depth). 

2. u = 0 at z = 0. 

3. u = 0 atz =H t = lH. 

Note that H is the length of the longest drainage path. In this case, which is a two-way 
drainage condition (top and bottom of the clay layer), H is equal to half the total 
thickness of the clay layer, H t . 

The second boundary condition dictates that A* = 0, and from the third boundary 
condition we get 
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A j sin 2BH - 0 0 r 1 BH - mr 

tZio^T W " 8 "’ Fl ° m *“ abQVe ' 1 8Msr31 !0lutio " °f Eq. (J .24) on be given 

^ = i W v \ 4 f (5-25) 

where T u is the nondimensional time factor and is equal to C tIH J 
Out tnust havethe coefficients of A n such 

n Z“ mt7 

u ‘ ~ I K sin — - 

Vi (526) 



Equation (526) is a Fourier sine series, and > 1 , can be given by 

d _ 1 -r* . 

,, u t sin — dz 
H Jr, 



Combining Eqs. (5.25) and (5.27), 

n t-~ / I nxz 






“ , sta w dz ) “7^ «p 



-v.’rr : T , 



s Ae vam,i ° n ° r “• ** *« 
y ayer. heveral possible types of variation for u, are considered below. 



Constant u, with depth. If u, is constant with depdt-ie if u (FI. fit p 
referring to Eq. (5.23), ^ 11 u ‘ u o (big. 0.4)- then, 
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1 [W nn7 2 u. 

— u, sin • — - di = — (1 — cos nrr) 
HJ 0 1 2fi nr 



" nnz / — n , n , 7|, 

So, u ~ Y — (1 — cos nn) sin exp l 

n « j nr JH \ 4 



Note that the term 1 -- cos nr in the above equation is aero for cases when n is 
even; therefore, u is also zero. For the nonzero terms, it is convenient to substitute 
n - 2m + 1, where m is an integer. So Eq. (5.29) will now read 

m - - 2u„ (2m + 1)« 

V ^ — (1 -cos (2m + 1)*) sm — 



T 0 (2m + l)r 

f~(2m+ 



m * - 2u Mz 

or i/ = y —sin — exp (— Af 2 F v ) ' (5 30) 

m « 0 M H 

where A/ = (2m + l)r/2. At a given time, the degree of consolidation at any depth 
z is defined as 

excess pore water pressure dissipated 

U z =- 

initial excess pore water pressure 

= U JZ^ = =1=1 (531) 

U, tif u, u 0 

where o' is the increase of effective stress at a depth z due to consolidation. From 
Eqs. (530) and (531), 

U x = 1 - y “ sin — exp (-Af 2 T v ) (532) 

m =o M H 

Figure 5.5 shows the variation of V t with depth for various values of the non- 
dimensional time factor, 7^ these curves are called isocTones. Example 5.1 demonstrates 
the procedure for calculation of U t using Eq. (532). 

In most cases, however, we need to obtain the average degree of consolidation 
for the entire layer. This is given by 

r*i f w r 

(1 IH t ) u,dz-(}(H : ) udz 
Jo •’o 

C/ Sv = (535) 



The average degree of consolidation is also the ratio of consolidation settlement at 






o 
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any time to maximum consolidation settlement. Note, in this case, that H t - 27/ and 

u/ =l V 

Combining Eqs. (530) and (533), s 

i/.v * i “ L ~i ^ 34 ^ 

m * 0 M 

Figure 5.6 gives the variation of f/ IT vs. T„ (also see Table 5.1). 

Terzaghi suggested the following equations for U„ to approximate the values 
obUined from Eq. (5.34); 

rr/U%\ 3 (535) 

Fort;,, = 0,0 53%: r.- ; (— ) 1 

Foi i/ lv — 53 to 1 00%: r„= 1.781 -0.933 flog (100 - U%)J ( 5J6 ) 

SivaraiD and Swimte (1977) .gave the following aquation for l/„ varying from 
Oto 100%: 



l/,v% 

100 




$ 







r 

s 

<; 

’ -V • 

J 

e 



(537) 
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Fig. 5.6 Variation of average 
degree of conjobdation (for 
condition! given in Figj. 5.4 
5.7. 5.8, and 5.9). 



. 4 

\ 



or 



[1 -^C/, ¥ %/lOO) s - 6 ] 0 - 3 ” 



(5-38) 

Eqwtom (5.37) and (S J8) give an error in 7) of less than 1% fo, 0% < U <90% 
and less than 3% for 90% < U 1Y < 100%. iv ^ 



Table S.l Variation of T v with t/ a¥ [Eq. ( 5 . 34 ) ) 



£A V .% 



T, 




0 


0 


10 


0.003 


20 


0.031 


30 


0.071 


35 


0.096 


40 


0.126 


45 


0.159 


50 


0.197 


55 


0.238 



6Q 


0.287 


65 


0.342 


70 


0.403 


75 


0.478 


80 


0.567 


85 


0.634 


90 


0.848 


95 


1.127 


100 


- 
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H,= H 
Clay 



l 

A 



Perviouj 



H t = H 
Clay 



Imparviom 



Irnpurviouj 
l at 



Fig. 5.7 Initial excess pore pressure distribu 



Pervious 

tbt 

non -one-way drainage, u, coruunt with depth. 



It must be pointed out that, if w e have a situation of one-way drainage as shown 
in Mg. 5.7a and b. Eq. (534) would still be valid. Note, however, that the length of 
he drainage path is equal to the tool thickness of the day layer. 

Linear variation of u t . The linear variation of the initial 
as shown in Fig. 5.8, may be written as 



U( = u t -Uj 



H-z 



H 



excess pore 'water pressure, 
(5-39) 



Substitution of the above relation for u, into Eq. (528) yields 



x 




Fig- 5.8 Linearly varying initial exctu 
pore water preuure diitnbuuon - two-way 
drainage. 
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H t = 2H 



Fig. 5.9 Sinusoid*) irutiil excess pert w*;er 
piessuie distribution - two-wiy drunige. 



»»«rl f w / H-i\ nvz I nrrz 

( u ‘- u ’~r^ rf T' n ^ 



The average degree of consolidation can be obtained by solving Eqs. (5*0) and (5.33): 

V.v=l“"f “«P 

This is identical to Eq. (534), which was for the case where the excess pore water 
pressure is constant with depth, and so the same curve as given in Fig. 5.6 can be. used. 

Sinusoidal variation of u,. Sinusoidal Narration (Fig. 5.9) can be represented by the 
equation 

u, — u 3 sin 0 

1 7H 

The solution for the average degree of consolidation for this type of excess pore 
water pressure distribution is of the form 



y,v~ i - c*p 



The variation of [/,, for various values of T v is given in Fig. 5.6. 



(5-42) 
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5.1 .3 Relations of and T v for Other Forms of 
Initial Excess Pore Water Pressure Distribution 

U*, the basic equation (Eq. (SM)1 «» «ccss pore 

boundary conditions, relations for U„ and T, for "*« W“ ° ( ^ 

per water pressure distribution can be obtained. F.gures 5.10 and 5.1 1 present some 

Of these cases. 

— » " ^ dtree 

constant with depth, i.e., Uf— 5. )• . , « 

of consolidation at a depth HI 3 measured from the top of the layer. 




Fig. 5.10 Some forms of initial exers. port water pressure distribution. 
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IfcO i 






-./to-V ' 



. m:,) 



I W: v.) \ 




Fig. S.l 1 Variation of t/ JV with T u fot Luiia] excejj pore water pressure diagriim shown us Fig. 5.10. 

Solution From Eq. (5 32), for constant pore water pressure increase, 
m JL** 2 Mz 

u * = J ~ Z “Jin— «xp (-M T u ) 

m - 0 M H 

Here z — HI 3. or zjH = 1/3, and M = (2m + l)rr/2. We can now make a table to 
calculate U z . 
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4. M 

5. Mt\H 

6. 2 IM 

7. ex? (-AC 

8. smCVfz//0 

9 . (2/.W) lexp (-.vr 73 sin (Afr//0 1 

Using the value of 0 3041 calculated in step 9, the degree of consolidation at 
depth Hjl is 

^H/3) = 1 -0304 1 = 0.6959 = 69.59 % 

Note that in the above table we need not go beyond m = 2. since the expression 
in step 9 is negligible for m > 3. 

Example 5.2 Due to certain loading conditions, the excess pore water pressure in 
a clay layer (drained at top and bottom) Increased in the manner shown in Fig. 
5.13. For a time factor T u =0.3, calculate the average degree of consolidation. 

SOLUTION The excess pore water pressure diagram shown in Fig. 5.13 can be 
expressed as the difference of two diagrams, as shown in F.g, 5.14b and c. The 
excess pore water pressure diagram in Fig. 5.14b shows a case where u, varies 
linearly with depth. Figure 5.14c can be approximated as a sinusoidal variation. 
The area of the diagram in Fig. 5.14b is 

-h = 20(±) (300 + 100) = 4000 Ib/ft 

The area of the diagram in Fig. 5 ,14c is 



*“« nz rio xi 

A j = Y 4 0 sin — dz - 40 sin — di 

x-o Vi Jo 20 




a Fig. 5.12 



*/2 


3«f2 


5w/2 


*16 


x/2 


5*/6 


1.273 


0.4244 


00546 


0.4770 


0.00128 


-0 


03 


1.0 


03 


0J036 


0.0005 


-0 £ = 03041 
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20 h = 
2H a H, 




“i, lb/M» 



< r- 



^ average degree 0 f conaolidaSon can n,» be calculated as f oBows: 



-'■v(7b= 0.3) 
r o ? Fit. 5j4g 



0-3) A \ " ^(71^ 
r t 

1 Nrt trq of 5,]o c | 



F'om Frg. 5.6, for T v - 03 , £/ >v = 61% for area X,; £/,. = 523% fo, are, So 

,, | _ 61 (6000) -(509.29152.3 2713643 

4000 - 509 39 = 3^9037 = 62J% 

K « ^ E ' Df « ’ “»»/»* h W Bed o» the ^orrnd 
W Dc.enrrr.oe the, initial excess pore »a,er pressure distribution in the clay iayer. 





Pit 5.14 







(fc) Plot the distribution of the excess pore water pressure with depth in the clay 
layer at a time for which T u - 0.5. 

Solution Parc (a): The initial excess pore water pressure will be 20001b/ft 1 and 
will be the same throughout the day layer (Fig. 5.15b; refer to Prob. 4.1). 

Parc (b): From Eq. (531), U t — 1 — ufu {t or u = u,(l — £/,). For T v = 0.5, the 
values of t/ T can be obtained from the Top half of Fig. 5.5 as showm in Fig. 5>i6<r, 
and then the following table can be prepared.'. 
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x/7/ 


z, 

ft 


u. 


u =* u f (I — U t ), 
lb/ ft 1 


0 


0 


0.63 


740 


07 


2 


0.65 


700 


0.4 


4 


0.71 


580 


0.6 


6 


0.78 


440 


0.8 


8 


0.89 


220 


1.0 


10 


1 


0 



Figure 5.16& show? the variation of excess pore water pressure with depth. 

Example 5.4 A clay layer is shown in Fig. 5.17. Due to a certain loading condition, 
the initial excess pore water pressure in the day layer is of a sinusoidal nature, 
given by the equation u, = 50 sin (rrz/27/) kN/m\ Calculate the excels pore water 
pressure at the midheight of the clay layer for T u = 0.2, 0.4, 0.6, and 0.8. 




A 



_ 1 

~ H J 0 



mrz 

sin dz 

W 



or 

1 nz mrz 

A - ~ \ SO sin — sin dz 

H J 0 27/27/ 

Note that the above integral is zero if n v=- 1 , and so the only norueto term is 
obtained when n = 1 . Therefore, 
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50 r 1 " , m 50 

A = — sin 1 — dz — — H = 50 

...//Jo Vi H 

Since only for n = 1 is A not zero, 

nz / T u \ ' 

u = 50 sin — exp 

27/ \ 4 / 

At the midheight of the clay layer, z = H, and so 

rr / i' T u \ /-tr-7 u \ 

u = 50 sin - exp ^ — — j = 50 exp ^ — — J 

The values of the excess pore water pressure are tabulated below. 







r 

1 u 


u = 50 exp l — — 1 .VcN.-Ri 1 


0.2 


30.52 


0.4 


13.64 


0.6 


nj3 


0.8 


6.95 



5.1 .4 Numerical Solution for One-Dimensional Consolidation 

The principles of finite-difference solutions were introduced in Sec. 2. 2.3. In this secuon. 
we will consider the finite -difference solution for one-dimensional consoUdauon. 
starting from the basic differential equation of Terzaghi’s consoUdauon theory: 

3u a*u (5.14) 

dr ^ dz 1 

Let u R t R and z* be any arbitrary reference excess pore water pressure, time, and 
distance, respectively. From these we can define the following nondimeasional terms. 

Non dimensional excess pore water pressure: u=— ( s - 43 ) 

Uo 



Nondimensionai time: 



Nondimensional depth: 

*R 

From Eqs. ( 5 .43). (5 ,44). and the left-hand side of Eq. (5.14), 
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— : (“0.I.AJ ~ Qo.r) = 7—, (“l.f + D J J ~ **.?) 
Ar (A 2) 7 



01 = TTCTj C°i.r + “3.f *“ 2«o.f) + “o.i ( S * 52 ) 

(Af)’ 

For Eq. (5.52) to converge, A J and Ai must be chosen such that A//(Ai) 7 is less 
thin 0,5. 

When solving for pore water pressure at the interface of a day layer and an 
impervious layer, Eq. (5.52) can be used. However, we need to take point 3 as the 
mirror image of point 1 (Fig. 5.1 8b); thus u x j ~ u 3 ,f . So Eq. (5.52) becomes 

•to. a? = -rr, " 2a o.f) + “oj (5 - 53) 

(a zy 

Consolidation in a layered soil. It is not always possible to develop a closed-form 
solution for consolidation in layered soils. There are several variables involved, such as 
different coefficients of permeability, the thickness of layers, and different values of 
coefficient of consolidation. Figure 5.19 shows the nature of the degree of consolidation 
of a two-layered soil. 

In view of the above, numerical solutions provide a better approach. If we are 
involved with the calculation of excess pore water pressure at the interface of two 
• different types (i.e., different values of Q,) of clayey soils, Eq. (5.52) will have to be 
modified to some extent. Referring to Fig. 5.20, this can be achieved as follows 
(Scott, 1963): from Eq. (5.14), 



k du 


3 7 u 


— — =3 


k - 


G> 8/ 




t 


1 


ch»nft 


difference between 


in volume 


the rtte of flow 



Based on the derivations of Eq. (2.163c) 

a l u If fcj kj y Ik, 2ki \ 

3a 7 2l(Az) J (A7) , J\k I +fcj k, + k* / 

where kj and k 3 are the coefficients of permeability in layers 1 and 2, respectively. 
u o r. u t i . ^ 3 ,r are the excess pore water pressures at. time I for points 0, 1 , and 3, 

respectively. 

Also, the average volume change for the element at the boundary is 

k 0U 1 / ^“1 \ 1 , . SC CCl 

- 7=; - + — )-(«o.».Af-“o.r) < 5 - 55) 

Q ar 2\C^ C^J AI 

■ K where i/ 0 _ f and u 0>f . Ar are the excess pore water pressures at point 0 at times ( and 
t 4- Ar, respectively. Equating the right-hand sides of Eqs. (534) and (535), we get 
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Ptrviou* 




U z 

Fig. 5.19 Degiee of coruolidauon in iwo-layeied soil. (Ftgvse S.I9b afur U. Lutcher. 
Soil Moch. Found. Div., aSCE. *ol. 9l.no. SMI. 1965.) 



1 
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(k { k,\ I 



(2k, 2*2 \ 

? ( * , + ki HnT “ w + rr7 u v” 2u o.f) 

) + k, 4- fcj . ) 



Ar k, + fc* 



/ 2*! 2^ \ 

x ; — r U u + : — r u a.» ~ ^o.r + «o.r 

\k, + <2 k, + kj / 



A; C U( i + ki Ik, 

t^F FkFFJkjqT) 






_ + — Uj f _ 2iz 0 4- u 0 r 

U:, + ^ ‘ ATj + *2 / 

Assuming 1 jt R — QjJz\ and combining Eqs. (5.43) to (5.45) and (5.56), we get 

1 + /<! 0/ 

Usi " 1 ' “ i +(*,;*,) (Q./^)(Ffj" ! 

( 7k, 2k, \ 

X I — u. f - 4- r u 3 ; - 2u c>f - j + u 0 ; (5.o7) 

\k,T k 2 X, 4- <j / 

Example 5.5 A uniform surcharge of q = 150’xN/m 2 is applied at the ground 
surface of the soil profile shown in Fig. 5.21. Using the numerical method, deter- 
mine the distribution of excess pore water pressure for the clay layers after 
10 days of load application. 

Solution Since this is a uniform surcharge, the excess pore water pressure imme- 
diately after the load application will be l50kN/m 2 throughout the clay layers. 
However, due to the drainage conditions, the excess pore water pressures at the top 
of the layer 1 and bottom of layer 2 will immediately become zero. Now, let 
r R = Sm and u R = 1 .5 kN/m 2 . So z = (8m)/(8 m) = l and u — (1 50 kN/m 2 )/ 
(1 .5 kN/m 2 ) = 100. Fig. 5.22 shows the distribution of u at time r = 0; note that 
ill = 2/3 = 0.25. Now, 

4 - t ^ 4 A - Q Ar 

[ R ^ Qj Z R 

Let Ar = 5 days for both layers. So, for layer 1 , 



T : 

Z R 

' S = Q 



Q A/ 0.26(5) 

^)=^r-=“7T- -0.0203 

Z R 6 

For layer 2. 





4 


'er 1, 




A/ (») _ 


0.0203 


(Ai) 2 


0.25 2 


^(2) _ 


0.0297 


(Ai) 3 


0.25 1 



= 0 J25 



(<0.5) 



(<0.5) 
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Q 




2 m Sand 

t -- - - G . -T_^r 



2 m Sand 




Fig. 5. 21 

uc;/ = 5 days: At 1 = 0 
ko,f*Ai = 0 
At f = 0.25. 

*V*A? = 7~o K? + D 3,f “ ^0.0 4 “O.r 
(A2) J 

= 0325 {0+ 100-2(300)) + 100 = 67.5 
Time, day* 



0 5 10 15 
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At z = 0.5 [note, this is the boundary of two layers, so we will use £q. (5.57)} t 
_ _ _ 1 + i Ar (1) 

“ 0 i ^ ; 1 + (0,/Q,) (Ai) 1 



/ 2*, \ . 

' x 1 — 7T “i.f + , — TT D x» ~ ^ + u °- f 

\/r 1 + fc, fc, + k z I 



J +2/2.8 

l~+(2 X 036)/(2.8 X 038) 



(0325) 



■ 2 x n 8 2X2 

X -(100)+- — *- (100) - 2(100) +100 

12 + 2.8 2+2.8 



fi o.r.A» *0-152) (0325) (1 16-67 + 8333 -200)+ 100 = 100 
At f = 0.75, 

^o,f« A r = (“i.i + ^s.r ~~ 2^0,?) + ^o.f 

{Az) 7 



= 0.475 [100 + 0 -2(100)] + 100 = 52.5 



At z = 1 .0. 



^O.f * A r ~ 0 



ii at l = JO days: At z = 0 

^O.r *Af = 0 

At I = 0.25, 

Uo >F . 6f - = 0 3 25 [0 + 100 - 2(67.5)] + 67.5 = 56.13 
At 2 = 0.5, 

[2X28 2X2 1 

S 0 .F*Ai “ 0-152) (0325) [— - (67.5) + (52.5) -2(100) j + 100 

= (1.152) (0325) (78.75 + 43.75 - 200) + 100 = 70.98 
At i = 0.75, 

“o.F.a? = 0.475 [100 + 0-2(52.5)] + 52.5 = 50.12 
At z = 1 .0, 

^0,F*aF ~ 0 

The variation of the nondimensional excess pore water pressure is shown in 
Fig. 5.22. Knowing D = (u) (u R ) ~ w(l ,5)kK/m i , we can plot the variation of 
u with depth. 



< r \ l '■ 




kN/rri 
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200 




Ftj. S . 23 



Example 5.6 For Example 5.5, assume that the surcharge q is applied gradually. 
The relationship between time and q is shown in Fig. 5.23. Using the numerical 
method, determine the distribution of excess pore water pressure after 15 days 
from the start of loading. 

Solution As before, z R = 8 m, u R = l .5 kN/m 1 . For A/ = 5 days. 



A/" 



0) 



(Az) 






0325 



A/m) 

—ill = 0.475 
(Af) J 



The continuous loading can be divided into step loads such as 60 kN/m 2 from 
0 to 10 days and an added 90 kN/m 2 from the tenth day on. This is shown by 
dashed lines in Fig. 5.23. 
u at c = 0 days: 

z=0 u = 0 

2=035 u= 60/1.5 =40 

2 = 0.5 u = 40 

z = 0.75 u = 40 

z = 1 u = 0 

u at t = 5 day:: At z = 0, 

u = 0 

At z ~ 025, from Eq. (5.52), 

UqJ^'c = 0325 (0 + 40 -2(40)] + 40 = 27 
At z' = 0.5, from Eq. (5.57). 
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X 9 g 2X2 ) 

(40) + (40) —2 (40 n + 40 = 40 

2+2.8 2 + 2.8 J 

At z = 0.75, from Eq. (5.52), 

“o.F^F = 0.475 [40 + o -2(40)1 + 40 = 21 
At f = 1 . 

^o.f.ar = 0 

u at [ = 10 days: At 2 = 0, 

u = 0 ‘ 

At r = 025, from Eq. (532), 

“o.f-.dF = 0325 (0 4- 40 -2(27)] + 27 = 22.45 

At this point, a new load of 90 kN/m 5 is added. So u will increase by an amount 
90/1 .5 = 60. So, the new u 0 is 60 + 22.45 = 82.45. At z = 0.5 from Eq. 
(537). 

[2X23 7X2 1 

u o.f * 4 ? ~ (1 3 52) (0325) —— (27)+ (2 1) - 2 ( 40 ) + 40 = 28.4 

L2+_.3 2 + 2.8 J 

New u 0 .?*a; =28.4 + 60 = 88.4 

At z = 0.75, from Eq. (5.52), 

“o = 0.475 (40 + 0 -2(21)1 + 21 = 20.05 

New = 60 + 20.05 = 30.05 

At z = 1 , 

u = 0 

u at t = ]5 days: At z = 0. 
u =0 

Atz = 025. 

“o.F.aF = 0325 (0 + 88.4 —2(32.45)1 + 32.45 = 57.6 
At z = 0.5, 

“o.i+aF =(1352) (0325) 

[2X2.8 2X2 

* tVTz (S2 ' 45) * (30 - 05) -2(88 - 4) + 88 - 4 = 33 - 2 

At f = 0.7S , 

“o.F.aF = 0 - 4? 5 [83.4 + 0 —2(80.05)1 + 80.05 = 46.0 

At Z = 1 . 
u = 0 

The distribution of excess pore water pressure is shown in Fig. 524. 
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Time, duvi 




Fig. 5.24 

5.1 .5 Degree of Consolidation under Time-Dependent Loading 

Olson (1977) presented a mathematical solution for one-dimensional consolidation 
due to a single ramp load. Olson's solution can be explained with the help of Fig. 5.25, 
in which a clay layer is drained at the top and at the bottom (H is the drainage distance). 
A uniformly distributed load q is applied at the ground surface. Note that q is a function 
of time, as shown in Fig. 5.256. 

The expression for the excess pore water pressure for the case where u, = u 0 is 
pven in Eq. (530) as 



z 




Sand 



is) Ibl 

Fig. 5.25 Onc-dimcns.cr,;! tcr.sc'd cation due to single ramp load. 
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m ‘ - 2u. Mi , , 

u = Y — sin - — exp (— M*T V ) 
m-o W * 

where r„ = Q,;/// 5 . 

As stated above, the applied load is a function of time: 

«=/(>„) (5-58) 

where l a is the time of application of any load. 

• For a differential load dq applied at time i„, the instantaneous pore pressure 
increase will be du,- = dq . At time f, the remaining excess pore water pressure du at 
a depth z can be given by the expression 

-*.-2 du, Mi [-M'CJ,t-t 0 )‘ 

rfu = J 0 7T si "77' xp l— jj: 

= Y-L*-<xp[:£^ , 1 (5.59) 

M H L H 7 -1 



The average degree of consolidation can be defined as 



7r-0///;) “ 

7n 



settlement at time r 
settlement at time f = 



where aq c is the total load per unit area applied at the lime of the analysis. The settle- 
ment at lime f = «= is, of course, the ultimate settlement. Note that the term q e in the 
denominator of Eq. (5.60) is equal to the instantaneous excess pore water pressure 
(u ( =q c ) that might have been generated throughout the clay layer had the stress^ 
q c been applied instantaneously. 

Proper integration of Eqs. (5.59) and (5.60) gives ihej'oUowing: 

For T„<r c : 

u^Y sin— lI-expO-M’r*)) ( 5 - 6 0 

m = o M 3 T e H 



u ty — — [1 — CXP ( Af 2 Ty)] 

T c T u m = 0 M 



For T V >T C : 



m 2 q r . Ml - 

u- £ — j— [exp {M 7 T c ) - 1 ] sin — exp {~M 7 T v ) 
m = o M T c H 



2 ™ = “ 1 



u,, - 1 — I -z [=xp (M 2 r c ) - i ] «p (-M 2 r ( ) 

T c m = 0 Ar 






282 ADVANCED SOIL MECHANICS 




where 7^ = ($-65) 

H 1 

Fig. 526 shows the plot of (/ JV against T u for various values of T c r 

Example 5.7 Based on one4imensional consolidation test results on a clay, 
the coefficient of consolidation for a given pressure range was obtained u 
8 X 1Q“ J mm 1 /s. In the field, there is a 2-m thick, layer of the same clay, as shown 
in Fig. 527. Based on the assumption that a uniform surcharge of 70 kN/m* was 
to be applied instantaneously, the total consolidation settlement was estimated 
to be 150mm. However, during the construction, the loading was gradual; the 
resulting surcharge can be approximated as shown in Fig. 521b. Estimate the 
settlement at r = 30 and 120 days after the beginning of the construction. 

Solution 



Now. r c = 60 days = 60 X 24 X 60 X 60 s; also.//, = 2m = W (two- way drainage), 
and so H - tm = 1000 mrrt Hence, 



(8 X 10' 1 ) (60 X 24 X 60 X 60) __ 



(ioooy* 



= 0.0414 



At r = 30 days, 

C v r (8 X IQ' 3 ) (30 X 24 X 60 X 60) _ 

Tu= ~H 1 ( 1000) 1 



= 0.0207 




Fw 5 26 Plot of (/, v time factor T u for s>n*le ramp load. (After R. E Olsen, Camolithnon 

Dependent ^Loading. 1. Ceoiech. En*. D,v.. aSCE, trol 103. no CT,. 19 77., 
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q 




1 

2 m Clay 




Sand 

la) 



Fig. 5.27 



lb) 




From Fig. 526, fur T u = 0.0207 and T c = 0.0414. £/ iy = 5%. So, 
Settlement = (0.05) (150) = 7.5 mm 
At t = 120 days. 



( 8 X 10" 3 ) (1 20 X 24 X 60 X 60) 

( 1000) 5 ~ 



= 0.083 



From Fig. 5.26, for T u - 0.083 and T c ~ 0.0414, {/ av ^ 27%. So 
Settlement - (027) (i 50) = 40.5 mm 



5.1.6 Standard One-Dimensional Consolidation Test and Interpretation 

The standard one-dimensional consolidation test is usually carried out on saturated 
specimens about 1 in (25.4 mm) thick and 2.5 in (63.5 mm) in diameter (Fig. 5.28). 

e soil sample is kept inside a metal ring, with a porous stone at the top ind another 
at the bottom. The load P on the sample is applied through a lever arm. and the 
compression of the specimen is measured by a micrometer dial gauge. The load is 
usually doubled every 24 hours. The specimen is kept under water throughout the test 
(For detaUed test procedures, see ASTM lest designation D-243 5.) 

For each load increment, the sample deformation and the corresponding time 
1 lS p!oCted on sermiogarithmic graph paper. Figure 529 shows a typical deformation 
vs - ! ° 2 1 ^ a P h - ^ g ra ?h consists of three distinct parts: 

!' ^PP er Curvcd portion (stage i). This is mainly the result of precompression of the 
specimen. 

A straight-line portion (stage !i). This is referred to is primary consolidation. At 
e end of the primary consolidation, the excess pore water pressure generated by 
the incremental loading is dissipated to a large extent. 

_ 3. A lower straight-line portion (stage III). This is called secondary consolidation 
During this stage, the specimen undergoes small deformation with time. In fact, 
there must be immeasurably small excess pore water pressure ui the specimen 
during secondary consolidation. 



mpf® formation 
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>p J£n ' ' * ' nd ° r C!l fw ' atb ta^mcntal loading the stress on the 

E so-lTn f °" C ' S!XCmC SraVily ° f th ' i0il s ° bd *. 

Mia 1 specimen dunensions. and ,he specimen deformation at the end of each load 
ratio *' cones P onc ^ n S ™,d ratio can be calculated. A typical void 

shown hi FigT^O. ^ rW!UrC ^ « - mB o 8 arithmic graph paper is 




«rZE7 PrCSSmZ ' • ' ypi<:al ' P ,ot >hown in Fig 5 JO, it can be 

f "e^ In T “ CUrVCd; hW ' V "' “ hi S h " P"*™. e and log o' bear 
ObZed TolTh P r ^'. l ’ PP " psrt “ Cur '" d bc “"' when the >0 U specimen was 
D uTfar II ! : U SUbj ' Clt<i 10 2 effective pressure. 

L Toil , r“ 'a CXp,OTl ' im - *' P re «“« “ released. In the laboratory, when 
W ° c “ ’ “ Sb ° W rek *ively smJ H Crease of void ratio with 

Tte hT '1? TTfT ' ff ' CUVe !tI “ '° *' WCh ° ,e S ° a w “ ! " b i«‘« d “ ^e past, 
thesla sT 1 y ''i’'” 1 CUrV£d p0r,i0n ta R S- 5 -30. if the effective -stress on 
iVreer “ U ' C, ' : “' d fur0l “' the d ' OTKe ° f v ° id stress level will be 

ean n tCp ' n ' n,td by ""WhtJine portion in (he e vs. log o' plot. The effect 
” be d ' n ’°™'n‘« d i" the laboratory by unloading and reloading a soil sample, 
i " m . '* ' ^i- In thh figure, erf is the void ratio-effective stress relation as the 
ample is unloaded, and dfgh is the reloading branch. Atrf.thesample is being subjected 

subLlZV^m 013,1 ° 1 ' n,a ™ num st " B »i to which the soil was evet 

. o /will show a flatlet curved portion. Beyond point/, the void ratio will 

crease at a larger rate with effective stress, and gh wffl have the same slope as be 
soil- ° n th ' ab ° V ' tx P lanation . we can now define the (wo conditions of a 
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Fig. SJt Plot of void ratio vj. 
effective pressure showing unload- 
ing and reloading bnnches. 



1. Normally consolidated. A soil is called normally consolidated if the present 
effective overburden pressure is the maximum to which the soil has ever been 

subjected, i.e., a p^cnt ^ maximum- "* 

2. Overconsolidated. A soil is called overconsolidated if the present effective over- 
burden pressure is less than the maximum to which the soil was ever subjected 
in the past, i.e., Opesenl ^ °pafl maximum' 

In Fig. 53 1 , the branches ab . cd, and df are the overconsolidated state cf a soil, 
and the branches be and fh are the normally consolidated state of a soil. 

In the natural condition in the field, a soil may be either normally consolidated 
or overconsolidated. A soil in the held may become overconsolidated through several 
mechanisms, some of which are listed in Table 5 3 . 

The preconsolidation pressure from a e vs. log o' plot is generally determined by 
a graphical procedure suggested by Casagrande (1936), as shown in Fig. 532. The 
steps are as follows: 

1. Visually determine the point P (on the upper curved portion of the e vs. log o' 
plot) that has t hc_max imum curvature. 

2. Draw a horizontal line PQ. 

3. Draw a tangent PR at P. 

4. Draw the line PS bisecting the angle QPR. 

6. Produce the straight-line portion of the e vs. log o' plot backward to intersect 
PS at T. 

6. The effective pressure corresponding to point T is the preconsolidation pressure f. * 

°c- 

Another method for the determination of o' c is given in Burmister (1951). 



Table 5.2 Mechanisms causing overconsolidation 



Mechanisms 



Changes in total men due to: 

Removal of overburden pressure 
Pan structure! 

Glaciation 

Change! in pore water pressure due to 
change in water table elevation: 

Aire jj an pressures 
Deep pumping 
Desiccation due to drying 
Desiccation due to plant life 

Change! in soil itructure due to 
secondary compression (aging)* 

Environmental changes juch as pH, 
temperature, and salt concentration 

Chemical alteration due to "weathering." 
precipitation of cementing agents, ion 
exchange 

Change of strain rate on loading 



Remarks and references 



Kenny (1964) gives sea level changes 
Common in glaciated areas . 

Common in many cities 

Many have occureed during deposition 

Many have occurred during deposition 

Raju (196S); Leonards and Ramiah (I960); 
Leonards and AltschaelTl (1964); Bjerrum 
(1967, 1972) 

Lam be (1958) 

Bjerrum (1967) 



Lowe (1974) 



After W. F. Brumund, E. Jonas, and C C Ladd. Estimating In Situ Maximum Past {Precon- 
lolidation) Pressure of Saturated Clays from Results of Laboratory Consolidation Tests, Trans- 
portarion Restarch Board. Special Report 163. .916. 

'See also Sec. 5.1.9. 




Fijg. 5J2 Ctiphical procedure for 
determination of precomolidadon 
pressure. 





Compression index. The siope of the e vs. log o' plot for normally consolidated soil 
is referred to as the compression index C r . From Fig. 5.33, 



logoi -logoi log (oJ/o,j 



(5.66) „ 



For normally consolidated clays, Temghi and Peck (1967) gave a correlation for the 
compression index as 

C c = 0.009 (Li - 10) (5-67) 

where LL is the liquid limit. The preceding relation has a reliability in the range of 
±30% and should not be used for clays with sensitivity ratios greater than 4. 

Terzaghi and Peck also gave a similar correlation for remolded clays: 

C e = 0.007 (LL - 10) 

■ Several other correlations for the compression index with the basic index proper- 
ties of soils have been made, and some of these are given below (see Azzouzel al., 1976): 

Q = O.Olw^ (for Chicago clays) (5.68) 

C c = 0.0046(LL — 9) (for Brazilian clays) (5.69) 

C c = 1.21 + 1 .055 (c 0 — 1.87) 

(for Motley clays from Sao Paulo city) (5.70) 
Q. = 0.2C 8 c 0 + 0.0083 (for Chicago clays) (5.71) 
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C t = 0.01 1 5w^ (for organic soil, peats, etc.) \5.72) 

where w N is the natural moisture content (%), and e 0 is the in situ void ratio. 

Nacci c, al. (1975) wed soma natuta) deep-ocean sofl sansplas som the North 
Atlantic. The calci.e content vaned ftom 1 0 to 80% Based on the,, results, the followm* 
equation has also been proposed: 

C c — 0.02 + 0.014(/V) ^ 5 ‘ 73 ^ 

where PI is the plasticity index. 



Effect of sample disturbance on thee vs. logo curve. SoU samples obt^ned from 
Held are somewhat disturbed. When consolidation tests are conducted on ^ ^ 
we obtain e v,. log o' plots that are slightly different from those m the Held. Thts ts 



^ Cm OuveTfn'Fig's j^^shows the nature of the e vs. log o' variation that an undisturbed 
normally consoltdated day (present effective overburden 

the field would exhibit . This is called the virgin empress ,on curve, A I bor.toty conso 
da, ion test on a carefully recovered sample would result m an e vs. log o 
curve 11 If the same sod is completely remolded and then tested tn a cons^dometet 
l he , HuWn . void tatio-ptessure plot will be like cunre 111. The virgin compress, on 
curve (curve 1) and the laboratory e vs. log o' curve obtained from ac.refuUy 
sample (curve 11) intersect at a void ratio of about 0.4e„ (Terzaghr and Peck, 196 h 
Curve 1 in Fig. 5.346 show, the natute of the field consolidation curve of an 



> overconsol, dated clay. Note that the present effective overburden pressute is o' and 





i . 1 

1 i 
1 ) 



1 

1 

■I], 




i 

•: -J: 





Fig. 5.34 Effect of sample disturbance on e vs. log o cun/c. 
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FIELD • 

Initial avaraga affactiva pressure — a. 
Final avaraga affectiva pressure = o', 



LABORATORY 

Initial affective pressure = o‘ # 

Final affective pressure = o‘ g 




Volume of 
void — e„ 



Volume of 
solid = 1 

k 



Fift. 5.35 Calculation of one-dimensional consolidation settlement. 

\ 

the corresponding void ratio is e 0 . Cfc is the preconsoiidauon pressure, and be is a part 
of the virgin compression curve. Curve U is the corresponding laboratory consol.dat, on 
curve. After careful testing. Schmertmann (1953) concluded that the field recompres- 
sion branch (ab in Fig. 5.34b) has approximately the same slope as the laboratory 
unloading branch, cf. The slope of the laboratory unloading branch is referred to 
as C r . The range of C, is approximately from one-tifth to one-tenth of C c . 

Calculation of one-dimensional consolidation settlement. The basic principle of 
one-dimensional consolidation settlement calculation is demonstrated in Fig. 5.35. If 
a clay layer of total thickness H, is subjected to an increase of average effective over- 
burden pressure from o 0 to o' w it wd! undergo a consolidation settlement of CM,. 
Hence the strain can be given by 



wher- £ is strain Again, if an undisturbed laboratory specimen is subjected to the same 
effective stress increase, the void ratio will decrease by Ae. Thus, the strain is equal to 



where e a is the void ratio at an effective stress of o' a . 
Thus, from Eqs. (5.74) and (5.75), 

Ar H, 
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For a normally consolidated day in the field (Fig. 536a), 



a, o 0 + Aa 

Ae = C c log — = C c log — ( 3 -77) 

For an overconsolidated clay, (1) if cq < a' c (i.e., overconsolidation pressure) 
(Fig. 5.36b), 

o( a ' + Ao 

Ae = C r log — = Clog — (^>-78) 

0 O a o 

and (2) if a' a < a' c < o' t (Fig. 5 36c), 

a‘ c o' 0 + C±o 

Ae = Ae, + Ae^ = C r log — + C c log — P-79) 

0 o 

The procedure for calculation of one -dimensional consolidation settlement is described 
in more detail in Chap. 6. 
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Calculation of coefficient of consolidation from laboratory test results. For a given 
load increment, the coefficient of consolidation Q,can be determined from laboratory 
observations of rime vj. dial rending. Two graphical procedures are commonly used 
for this; the loganthm-of-rime method proposed by Casagrande and Fadum (1940), 
and the square-root -of-time method proposed by Taylor (1942). There are also two 
otheT useful methods, which were proposed by Su (1958) and Sivaram and Swamee 
(1977). Each of these four methods is described below’. 

Logarithm-of-timc method 

1. Plot the dial readings for sample deformation for a given load increment against 
time on semilog graph paper as shown in Fig. 5 37. 

2. Plot two points, P and Q on the upper, portion of the consolidation curve which 
correspond to time r, and r, , respectively. Note that r ; = 4/,. 

3. The difference of dial readings between P and Q is equal to x. Locate point R, 
which is at a distance x above point P. 

4. Draw the horizontal line RS . The dial reading corresponding to this line is d 0 , 
which corresponds to 0% consolidation. 

5. Project the straight-line portions of the primary consolidation an 0 the secondary 
consolidation to intersect at T. The dial reading corresponding to T is d 100l i.e., 
1 00% primary consolidation . 

6. Determine the point V on the consolidation curve which corresponds to a dial 
reading of ( d 0 + d w 0 )/2 = d i0 . The time corresponding to the point V is r », 0 . i.e., 
tunc for 50% consolidation. 




Fi£. 5 31 Logarithm -of- time method for determination of C v . 





Qial reading 
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OR = (1 .15)1001 



Q R 



Fig, 538 Square-: ool-of-tirne method 
fo: determination of C„. 



, rin T = C r/// 3 The value of T v for f/„ - 50% is 

7. Determine C v from the equajon T u L u t in - 

0. 197. (Table 5.1). So, 

0.197W 3 (5.80) 

C u =-— - 

f so 

Square-root-of-dme method /r hov>Tl ; n 

1. Plot the dial reading and the corresponding square-rootof-Wve s/t « shown 

2. Draw the tangent PQ to the early portion ° f the plot. 

3. Draw a line PR such that OR = 0 5) (< ^ of PR ^ the consolidation 

5. The value of T v for U, v = 90% is 0.848. So, 

0.84 m 7 " ( 5 - 81 ) 

Q> = : 

'50 

Su i maximum slope method « «hown in Fie 5 39. 

1 . Plot the dUl reading against time on semdog gmph P ’ mctho6 

2. Determine d 0 in the same manner as in the case m “ 

3. Draw a'un'getpQ to the steepest par, of the consolation curve. 

4. Find h , which is the slope of the tangent PQ. 

5. Find d u as . 






LltmAKY 




Dial funding 
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Fig. 5.39 Maximum dope 
method for determination of 

c„. 



where d u is the dial reading corresponding to any given average degree of consoli- 
dation. U lv . 

6. The time corresponding to the dial reading d u can now be determined, and 




t 



Su’s method is more applicable for consolidation curves that do not exhibit the 
typical S-shape (see Sec. 5.1 .8). 



Sivorat n and Swomee’s compu lunonal method 

1 . Note two dial readings, d, and d,. and their corresponding times. f, and r,.from the 
early phase of consolidation. (“Early phase” means that the degree of consolidation 
should be less than 53%.) 

2 . Note a dul reading. d }> at time r } after considerable settlement has taken place. 

3. Determine d 0 as 




4 . Determine d l00 as 



•A oo ~ 



do ~dj 



,1 - [(d 0 -d s )(V7o -v/h)/(di -d,) 



(5.85) 



: .r 




j De: :rnine Q, as 



n f 'd l —d 2 H 
4 \d Q — d l0 o \ft~i — Vh 
where H is the length of the maximum drainage path. 

Example 5.8 The results of an oedometer test on a normally consolidated day 
are given below (two-way drainage): 



(5.86) 



s', lb/ ft 1 


e 


tOOQ 


1.01 


2000 


0.90 



The time for 50% consolidation for the load increment from 1000 to 20001b/ft 1 
was 12 min, and the avenge thickness of the sample was 0.95 in. Determine the 
coefficient of permeability and the compression index. 



Solution 



T = 

1 V 



0/ 

tf 1 



For f/, y = 50%. 7 V = 0.197. Hence. 

Q(12) 



0.197 = 



C = 



(0.95/2) 1 
k k 



C = 0 0037 m J /min 



m,,7 w (Ae/tdo(l + e. jv )l7w 

For the given daia,D<? = 1.01 - 0.90 = 0.1 1 ; Ao = 2000 - 1000 = 1000 lb/ft 1 = 
6.944 lb/ in 1 ; 7w = 62.4/ 1723 lb/in 3 ;and e J¥ = (1.01 + 09)/2 = 0.955. So. 



Cxe 



r o.ii ]( 62A \ 
k = ^ = t0 00n) U44( l+0 .9s7)] V1728/ 

= 1.03 X i(T 4 in/ min 



Compression index = C c = 






1.01 —0.9 



lo g(a[/a;) log (2000/1000) 



= 0.36 i 



5.1.7 Secondary Consolidation 

We pointed out previously that days continue to settle under sustained loading at the 
end of primary consolidation, and this is due to the continued readjustment of clay 
particles. Several investigations have been carried out for qualitative and quantitative 
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1: VVHangam*rir>o day 
2: Mexico City clay 
3: Ga’ca'tou* organic v't 
4 Led* day 

5: Norwegian clastic clay 
6: Amorphoul and libroui peal 
7: Canadian Muikeg 
B: O'ganic marine deposit! 

9: Boston blue clay 
7 0 : Chicago blue clay 
1 1 : 0 ' 9 anic siitY clay 
O: Organic silt. etc. 



Fig. 5.40 Coefficient of secondary consolidation for natural soil deposits. (After G. Man. Coefficient 
of Secondary Compression, J. Soil Mech. Found. Div., ASCE. vol. 99. no. SMI . ] 913.) 



evaluation of secondary consolidation. The magnitude of secondary consolidation 
is often defined by (Fig. 5.29) 



Q> = 



log r } - log /, 



(5.87) 



where is the coefficient of secondary consolidation. 

Mesri (1973) published an extensive list of the works of various investigators in 
this area. Figure 5.40 details the genera! range of the coefficient of secondary consoli- 
dation observed in a number of clayey soils. Secondary compression is high in plastic 
clays and oreanic soils. Table 5.3 provides a classification of soil based on secondary 
compressibility. 

The proportion of secondary to primary consolidation depends on factors such 
as sample thickness and load increment ratio, Ao/o (Ao is the stress increment, and 
o’ is the effective stress on the sample before the application of the load increment). 



Table 5r3 Gassification of sod based on secondary 
compressibility 



Co 


Secondary 

compressibility 


<0.002 


Very low 


0.004 


Low 


0.008 


Medium 


0.016 


High 


0.032 


Very high 


0.064 


Extremely high 



After C. Mesh, Coefficient of Secondary Com- 
pression, J. Soil MccK Found. Div.. ASCE. vol ?9, no. 
SML 1973. 



ro, *.u, ^ 

increases with the decrease of sample thickness trig, -> > > 

10 Pr rrrLM7sru^^ n he n e C J?ect SCCOndary 

Mesri (1973) conducted a series of one<iirnensio^l consolidition tesls^n^n or|i^ 

cla, Hgurc 5,3 ' *£££ t "presU 

■*-«« - ^ 

v„er pressure duration. Under the final pressure, secondary compress °" 

observed for a period of 6 months. The following eonclusrons can be drawn from 
results of these tests: 

Pet sedimented (undisturbed) soils. M(A log 0 deceases with Use userease of 
the f mal consolation pressure. f bf .^ This tesulls in a decrease of 

2 ' th^coeffa a ty Tonsolidat io n at lower consolidation pressures as 

The depee of reduction appears to be a function of the degree of precomp, ess, on. 



Proccd 



, r . s for calculation of settlement due to secondary consolidation are given 



5.1.8 Some Comments on Standard One-Dimensional Consolidation Test 
The standard one-dimensional consolidation test procedure was described in Sec, 

I,.,. ... , ... .» " ™ >■ — cixra r 1 *• 




Fig. 5.41 The effect of similar load 
increment ratio. Ao /o’, on sample 
thickness. 
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Consolidation pressure o', tb/ft 1 

Fig. 5.42 Coefficient of secondary compression for organic Paulding clay. (Note: 1 Ita/fi* = 
47.9 N/m*.) (Redrawn after C. Mesri. Coefficient of Secondary Compression, J. Soil Mech. Found. 
Div.. ASCE. voi. 99. no. SMI. 1973.) 

1 . What will happen if the load increment ratio Aa/a' is not doubled? 

2. What will happen if a given load on the soil specimen ts kept for a duration of 
other than 24 hours? 

In this section, we wiU discuss the deviations in e vs. log a observed under such 
conditions. 

Effect of load-increment ratio a/o'. Striking changes in the shape of the compression- 
time curves for one -dimensional consolidation tests are generally noticed if the load- 
increment ratio is reduced to a substantially low value. Figure S.43 shows the sha^pe of 
dial reading vs. time curves for undisturbed Mexico City clay. Curve I is for Ao/c = 1. 
Curves 11 and HI are for load-increment ratios of 0.25 and 0.22, respectively. The 
position of the end of primary consolidation-i.e.,zero excess pore water pressure due 
to incremental loading in curves II and III— is somewhat difficult to resolve. In deter- 
mination of the coefficient of consolidation Q. Su's method (Sec. 5.1.6) is more 
applicable for these curves. 

The load-increment ratio has a high influence on consolidation of day. Figure 
5.44 shows the nature- of the e vs. log a curve for various values of Ao/a’. If Ao/o' is 



Dial (Btfdinu, mm X 10 




Curve 


a\ 


So 


as 


Type 


kN/m‘ 


VN/m* 


<J 


1 


19.62 


19.62 


1.0 


II 


39.24 


9.81 


0.25 


III 


716. n 


156.96 


0.22 



F.J. 5.43 Effect af ao/o' on consolidation curves for Mexico City clay. (Redrawn after C. A. 
Leonards and A. A. Altschaeffl, Compressibility of Cay, ). Soil Mech. Found. Div., aSCE vol. 90 
no. SMS. 1964.) 




Fig. 5.44 Effect of load- 
increment ratio on e vs. log a' 
curve. 





Co'np>' rl,on 
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Curve a: «t the end of primary 2.65 

Curve b: at the end o< one day 1 .85 

Curve c: «t the end 0< one week 1.33 



Fig. 5.45 Compression vs. log of effective pres- 
sure curves for normal and long-term incremental 
loading on Leda clay. (Redrawn efier C. B. Cra w- 
ford. Interpretation of Consolidation Tests. J. 
Soil Mech. Found. Div., ASCE, vol. 90. no. SM5, 
1904 .) 



small, the ability of individual clay panicles to readjust to their positions of equilibrium 
is small, which results in a smaller compression as compared to that for larger Ao/o . 

Effect of load duration. In conventional testing, in which the soil specimen is left 
under a given load for about a day, a certain amount of secondary consolidation takes 
place before the next load increment is added. If the specimen is left under a given 
load for more than a day, additional secondary consolidation settlement wUJ occur. 
This additionalamount of secondary consolidation will have an effect on thee vs. logo' 
plot, as shown in Fig. 5.45. Curve c is based on the results at the end of primary 
consolidation. Curve b is based on standard 24-hour load increment duration. Curve 
• c refers to the condition for which a given load is kept for 1 week before the next 
lead increment is applied. The strain for a given value of o’ is calculated from the total 
deformation that the specimen has undergone before the next load increment is applied. 

Another point that must be made is that, for each of these curves, the precon- 
solidation pressure determined by Casagrande's graphical method is different and 
varies from 260 to 1 30kN/m 5 . 

5.1.9 Effect of Secondary' Consolidation on the 
Preconsolidation Pressure 



A clay thai has recently been deposited and comes to equilibrium by its own 
weight can be called a ‘^young, normally consolidated clay. If such a clay , with an 
effective overburden pressure of o' a at an equilibrium void ratio of e a , is now removed 
from the ground and tested io a consolidometer, it will show an e vs. log o curve like 
that marked as curve a in Fig. 5.46. Note that the pieconsolldation pressure for 
curve a is o' a . 

On the other hand, if the same clay is allowed to remain undisturbed for 10,000 
years, for example, under the same effective overburden pressure o 0 , there will be 
creep or secondary consolidation. This will reduce the void ratio to e t . The clay may 
now be called an “aged, normally consolidated clay.” If this clay at a void ratio of e, 
and effective overburden pressure of a' 0 is removed and tested in a consolidometer, the 
c vs. log o’ curve will be like curve b in Fig. 5.46. The preconsobdation pressure, when 
determined by standard procedure, w-Jj be oj. Now, o c = -o, > a 0 . This is sometimes 
referred to as a quasi-preconsolidauon effect. 

It was also mentioned in Sec. 5.1.7 that the effect of secondary consolidation is 




It was pointed out in Table 5.2 that continued secondary consolidation in a clay soil 
will change its structure and will have some effect on the preconsolidation pressure 
Op. This is also demonstrated in Fig. 5.45 for Leda day. The principle of this mechanism 
can be explained by the highly idealized diagram giver, in Fig. 5.46. 



Fig 5 46 Geological history and compressibility of normally consolidated clays. Curves: Young. 
V normally consolidated day, o ’ 0 = Of. curve i: Aged, normally consolidated clay, o', -aj- (Redrawn 
after L Embankments on Soft Ground. Proc. Specialty Conference on Performance ol 

Ea'th and Earth Supported Structures, ASCE, vol. 2. 1972.) 
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F'g- 5.47 Typical valuea of a ' c j a ' Q 
observed in normally consolidated 
late-giadal and post-glacial clays. 
(After L. Bjemim. Embankments 
on Soft Ground , Proc. Specialty 
Conference on Performance of Earth 
and Earth Supported Structures, 
ASCE. voL 2. 7972.) 



more pronounced in more plastic clays. Thus, it may be reasoned that under -similar 
conditions the ratio of the quasi-preconsolidation pressure to the effective overburden 
pressure, o^/Oq, will increase with the plasticity index of the soil. This effect is shown 
in Fig. 5.47, which is based on observations made on normally consolidated, clays 
deposited during late-glacial and post-glacial periods. 



5.1.10 Constant Rate-of-Strain Consolidation Tests 

The standard one -dimensional consolidation test procedure discussed in Sec. 5.1.6 
is time-consuming. Recently, at least two other one -dimensional consolidation test 
procedures have been developed which are much faster but yet give reasonably good 
results. The methods are (1) the constant rate-of-strain consolidation test and (2) the 
const ant -gradient consolidation test. The fundamentals of these test procedures are 
described in this and the next sections. 

The constant rate-of-strain method was developed by Smith and Wahls (1969). 
A soil specimen is taken in a fixed-ring consolidometer and saturated. For conducting 
the test, drainage is permitted at the top of the sample, but not at the bottom. A contin- 
uously increasing load is applied to the top of the specimen so as to produce a constant 
rate of compressive strain, and the excess pore water pressure u 6 (generated by the 
continuously increasing stress o at the top) is measured. Figure 5.48 shows a schematic 
diagram of the laboratory test setup. 

Theory. The mathematical. derivations developed by Smith and Wahls for obtaining 
the void ratio-effective pressure relationship and the corresponding coefficient of 
consolidation are given below. 

The basic equation for continuity of flow through a soil element is given in 
Eq. (5.9) as 

k 3 J u 1 3e 
7 W 3r J 1 4- e 3f 
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The coefficient of permeability at a given time is a function of the average void 
ratio e in the specimen. The average void ratio is, however, continuously changing 
due to the constant rate of strain. Thus, 

- - k = k{e)=m (5.88) 

The average void ratio is given by 
If" 

e — — e dz 

H J 0 

where H (=// r ) is the sample thickness. 

In the constant rate-of-strain type of test, the rate of change of volume is constant, or 
dV 

— =~RA . (5.89) 

dt 




where V = volume of specimen 

A — area of cross section of specimen 
R = constant rate of deformation of upper surface 




Fij. S.43 Schematic diagram for 
laboratory test setup for con- 
trolled rsie-of-s train type of tar. 
(After R. E. Smith and H. E. Wahls, 
Consolidation under Constant 
Rate of Strain, J. Soil Mech. 
Found. Div., ASCE. vol. 95. no. 
SM2. 1969.) 
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The rate of change of average void ratio c can be given by 



de ] dV 1 /t „ x 

• _ = RA = — r (5.90) 

d! V s di V t 

where r is a constant. 

Based on the definition of e and Eq. (5.88), we can write 

C(;.f) = f( Z )' + c o fS ' 91 ) 

where e^. = void ratio at depth z and time / 

e 0 = initial void ratio at beginning of test 
g(z) = a function of depth only 

The function j (r) is difficult to determine. We will assume it to be a linear function of 
the form 

"HRrH 



where b is a constant. Substitution of this into Eq. (5.91 ) gives 



bfz-Q.SH 



Let us consider the possible range of variation of b.lr as given in Eq. (5.92): 

1 . If fc/r = 0 , 

< 5 ”> 

This indicates that the void is constant with depth and changes with time only. 
In reality, this is not the case. 

2 . If b/r = 2 , the void,ratio at the base of the sample, i.e., at 2 = H, becomes 

( - 5 - 94 ) 

This means that the void ratio at the base does nqt change with time at all, which 
is not realistic. 

So the value of b/r is somewhere between 0 and 2 and may be taken as about 1 . 

Assuming b/r =A 0 and using the definition of void ratio as given by Eq. (5.92), we 
can integrate Eq. (5.9) to obtain an equation for the excess pore water pressure. The 
boundary' conditions are: at 2 = 0 , u = 0 (at any time); and at z = H, dujbz = 0 (at 
any time). Thus, 

k \ L rt{bi) J 2 n rt(bt) J 



H{\ + e) 



H( 1 +er) 1 ) 

In (1 + e) — z In (1 + e B ) ^-—^ln(l + e T ) J (5.95) 






X 
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vhere c D = e a - rx (l - - — ) 



Equation (5.95) is very complicated. Without loosing a great deal of accuracy.il 
is possible to obtain a simpler form of expression for a by assuming that the term 
1 + e in Eq. (5.9) is approximately equal to 1 + e (note that this is not a function of 
2 ). So, from Eqs. (5.9) and (5.92), 



I’uJ 7 k- 1 8 f _ 

5z J ”U(1 4 *)]*' ‘ 



4 -‘mi 



Using the boundary condition u - 0 at 1 - 0 and 3u/3f 0 at z H, Eq. (5.98) 

can be integrated to yield 






The pore pressure at the base of the specimen can be obtained by substituting 
z = H in Eq. (5.99) 

y^.rfS 2 () 1 b\ (5.100) 

Ui ‘' H k{ l+c )\2 12 r) 

The average effective stress corresponding to a given value of u 2 - H can be obtained 
by writing 



(5.100) 



o, v = 0 u* = H 

“i=H 



(5. 101) 



where o, v = average effective stress on specimen at any time 
a = total stress on sample 
u zv — corresponding average pore water pressure 



,v " J ° 



: - H U 2 = H 



(5.102) 



Substitution of Eqs. (5.99) and (5.100) into Eq. (5.102) and further simplification 
gives 



,z av _ 3 yz {b/r) 



(5.103) 



Note that for b/r = 0, u t Ju t . H *= 0-667; and for b/r = 1, - 0.700. Hence, 

for 0 <b/r < 1, the values of u.Ju t , H does not change significantly. So, from tqs. 

(5.101) and (5.103), 






1. Initial height of sample, H:. ^ 

2. A. 

3. V t . 

4. Strain rate R. 

5. A coniinuous record of u t =«. 

6. A corresponding record ot o (total stress applied at the top of the specimen). 

The plot of e vs. o»„ can be obtained in the following manner: 

1. Calculate r = RA/V,. 

2. .Assume b/r =s 1 . 

3. For a given value of = the value of o is known (at time t from the start of 
the test), and so o' v can be calculated from Eq. (5.104). 

4. Calculate A H - Rt and then the change in void ratio that has taken place during 
lime r, 

A// , 

A* = — (1 + e a ) 

Hi 

where H, is the initial height of the sample. 

5. The corresponding void ratio (at time r) is e = — A^. 

6. .After obtaining a number of points of o' v and the corresponding e, plot the graph 

of e vs. log a' ly . r 

7. For a given value of oj Y and e, the coefficient of consolidation C^can be calculated 
by using Eq. (5.106). (Note that H in Eq. (5.106) is equal to H, — Ai/.) 
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! c onsolida U on $ tes ts^n !wo ctayl ^ 

axe also shown for comparison In fc l n SUndard COQ5oUdati o Q tot* 

that at higher strain ra^he'.v , f mon tmorilionite, it can be seen 

siderably from the standard test tt^This i^roVbl^ f ° f * C ° D * 

tions introduced in Eq (5 921 For th,r ? • * b Y dUC t0 ^ 51X11 plifl4d a5SU ®P- 
for a given lest should he eh ' F ^ , relson ' “ “ recommended that the strain rate 
does not ex d 0 5 H ^ Value of W- « the end of the test 

measured ^ b = Wsh “»“* «“»-*« * - be 

a tentative ntam-tate selection pr^JureT 336037 ^ ^ Wl “' S Plp " 



S.l .11 Constant-Gradient Consolidation Test 

^ceiT, ir d r ttsi wb ti5v£iop£d * ^ •< ami * 

sample, which increases the exce« ^ g ' . A load ? 15 xppbed on the 

Ail (Fig 5 52a) After a smit! l P ! waier pressure »n the specimen by an amount 
top of die sampte^ be eTal :r;.ra V P °" ™ « the 

(nns^rs,' 1 "- “““ Pdrt I s 

diffetence be.ween the pore' T'^L ” y ^ 

£ ;r - 

r«r< trr: - 

ratted “ 




Theory. From the basic equations (5.9) and (5.10), we have 

— — = _ 3o ' 

7w dr 1 1 + e 3 r 



(5.107) 



or - k ^ ^ _ avu 

3f Tw^ 3r 7 ^ aT 7 " 

Since a' = a — u , 

3c 3u 
3r 3r 3r 



(5.108) 



(5.109) 



au/a, F =o a ’so CO " tr0llCd ' J ' ldjS "' (, - e - duru,g *' dme “ 'a to Ft*. 5.52), 





hN/m 1 (109 vce'el 



Strain r»it, T 4 /min 



T HI S:mm mu.V/n' 



D .024 



Cl 0 Standard i«t 



Fij. 5.45 R«u!ls of CRS tests cn Mvsena day and comparison with siandasd tests, [Reploucd 
from k. E. Smith end H. E. U'chls, Consolidenon under Constem Rate of Srrenn J S Q jj ^ ec v. 
Found. Div., ASCE. vol. 95, no. SM7, 1969.) 



^N/m* (log scale) 



Strain rate. %lm in 



Symbol 



0.06 

0.06 

0.024 

0.024 

D.009B 

0.0024 

Standa.-d test 



Symbol 



St .'em rate, %/min 



0.06 
0.024 
0.0096 
0.0024 
Standard test 



mV 3 * f’Sl'I C r„ IT"”*** *"< ‘onrrton with .Uh4.rt w B . 

lAjttr K. E. SmuA and H. A. Menu. Conso xiatior. under Constant R 0 > e n r 

Found. Div., ASCE. ^ 95. no. SM7, 1 969.) f S ' ' ^ S ° J McCh 
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Drains* allowed 



Soil specimen 



To pore water pressure 
measuring device 



Fig. 5.53 Schematic diaptam for 
constant-gradient consolidation 
test. 



Sr;' 3o 

3/ 3r 

Combining Eqs. (5.108) and (S.l 10), 
3o S’u 

aP " Q 'a7 



(5.1)0) 



(5-M)) 



Note that the left-hand side of Eq. (5. 11 1) is independent of the variable z and the 
right -hand side is independent of the variable So both sides should be equal to 
a constant, say A t . Thus, 




(5.U2) 





j Development 
of pnrabotic - 
| pattern 



-Cent rolled -gradient test 



0 .O 8 H 1 

~cf" 



Dissipation of 
pore weter 
pressure 



0.1 -O.DQJH 1 






Fig. 5.52 otages in controlled-gradient test. [Redrawn after J. Lowe, E. Jonas, V. Obrieian, Con- 
ironed Gradient Consolidation Tes:, J. Soil Mech. Found. Div., ASCE, vof 95. no. SMI. J 965.) 
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Ai 

and — — 

- ar 1 ^ 

Integration of Eq. (5.1 13) yields 

3u A. 

— — r + A-i 

a z q, 

Ai z 7 

and u — ^ A -,1 + A ■* 

a 2 



The boundary conditions are as follows: 



1 . At z = 0, 3u/3z = 0. 

2. At z - H,u = 0. 

3 . At z = 0., u = An . 



(5.113) 

(5.114) 

(5.115) 




Equation (5.120) shows a parabolic pattern of excess pore water pressure distri- 
bution, which remains constant during the controlled-giadient test (time r, to r 3 in 
Fig. 5.52). This is shown in Fig. 5.53. Note that this closely corresponds to Terzaghi 
isocrone (Fig. 5.5) for T u = 0.08. 

Combining Eqs. (5.1 12) and (5.1 19), we obtain 



*/H 
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1 

.1 






u/Au 

1.0 Oh 0.6 0.4 0.2 0 




0 0.2 0.4 0.6 0.8 1.0 

Act'/AJ 



Fig. S.53 Comparison of ihe piribolic pattern of excess pore 
water pressure distribution with Ttrraghi isocione. (After 
J. Lowe. £. Jonas, end V. Obncan, Controlled Cndient 
Consolidation Test. J. Soil Mech. Found. Div., ASCE, vol 
95.no. SMI. 1965.) ' - 





Interpretation of experimental results. The following information will be available 
from the constant-gradient test: 

1 . Initial height of the sample, H xt ind height, H, at any ume during the test. 

2. The rate of application ot the load P and thus the rate of application of stress 
3o/3r on the sample. 

3. The differential pore pressure Au. 

4. Time f,. 

5. Tunc r 3 . 

6. Time r 4 . 

The plot of e vs. a' iy can be obtained in the following manner: 

1 . Calculate the initial void ratio e 0 . 

2. Calculate the change in void ratio at any other time r during the test as 

^ = — (1 + O 



312 ADVANCED SOIL MECHANICS 

where AH is the total change in height from ihe beginning of lest. So, the average 
void ratio at time r is e = c a — Ac. 

3. Calculate the average effective stress at time t using the known total stress o applied 
on the sample at that time: 

o‘ ty =o- u, v 

where u, v is the average excess pore water pressure in the sample, which can be 
calculated from Fig. 5.53. 

Calculation of the coefficient of consolidation is as follows: 



1. At time 

0.08/^ 

Q< = 

h 

2. At time r, < / < / 3 , 

Ao bf 1 
Cv ~ Al lAu 

Note that Ao/Ar.H.and A u are all known from the tests. 

3. Between time l, and r*, 

(1.1 -0.08 )//’_ 1 .02//’ 



( 5 . 121 ) 



Figure 5.54o shows the results of several controlled-gradient tests on an over- 
consolidated clay (marine clay from the vicinity of Portland, Maine). It appears that, 
in spite of the wide variation of Au [1.21 to 3.05 lb/in 2 (8.35 to 21 .05 kN/m )], the 
variation of AH I Hi with o' v falls within a nanow band. This compares well with the 

results of conventional consolidation tests. 

Figure 5.54b compares the results obtained for the coefficient of consolidation 
with those obtained through the conventional square-root-of-time fitting and loganthm- 
of-time methods. In general, the Q values obtained from the constant-gradient test 
are somewhere between those obtained from the two conventional methods. 

The increase of effective stress o' on a given sample obtained from the standard 
one-dimensional consolidation lest is compared in Fig. 5.55 to that fiom the controlled- 
gradient test. The difference in the increase may also have some effect on the value 
of the coefficient of consolidation. 



5 1 12 One-Dimensional Consolidation with Viscoelastic Models 

The theory' of consolidation we have studied thus far is based on the assumption that 
the effective stress and the volumetric strain can be described by linear elasticity. r 
Since Temaghi’s founding work on the theory of consolidation, several investigators 







, aw/Hj 

10'* rnnvs __ 
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> 

CJ 



r tests with conventional consolidauon tests on an 

Fig. 5.54 Comparison of ccnuolled-g.aa.em , g WN / m > \ [After 

*»• F °“" 6 ' 

Div„ ASCE.vof. 93. no. SMI. J 965.) 




Conventional test 



sauere-'oot -of -time 
method i 



\ 

Conventional test. \ 

iOg8'ithm-o*-time method ^ 



ton/ft 



(Taylor and Merchant, 1940;Taylor, 1942;Tan, 1957 ;Gibson and Lo. 1961; Barden, 
1965 1968; Schiffman et al., 1964) have used viscoelastic models lo «» y on - 
dimensional consolidation. This gives an insight into the secondary consobdauon 
phenomenon which Term's theory does not explain. In tins secuon, the work of 
Barden is briefly outlined. . __j 

The rheological model for soil chosen by Barden consists of a Unear spring 
nonlinear dashpol as shown in F.g. 5.56. Hie equation of continuity for one-dimens.onal 
consolidation is given in Eq. (5J?) as 

fc( 1 + e) _ de 
3z’ ^ 




i 3 



3 - 

" vJ 

0 

. 

. - . j 




Figure 5.57 shows the typical nature of the variation of void ratio with effective j $£ 

stress. From this figure we can write that 




) r. 
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STANDARD TEST 




o', ton/ft 1 



CONTROLLED-G RADI ENT TEST 




o'. ton/ft 1 

Fig, S .55 Difference in the increase of effective stress on a specimen by standard one-dimensionai 
test and controlled -gradient test procedures. (Note: 1 ton/ft’ = 95.3 kN/m 1 )- / Replotted after 
j. Lorn. c. Jonas, and V. Obrician, Controlled Gradient Consolidation Test, i. Soli Mech. round. 
Div.. aSCE, vol 95. no. SMI. 1965.) 




e { —e 

= +U+T 

a u 



(5.122) 



— =2 

= Aa = total effective stress increase the soil will be subjected to at 

“v end of consolidation 




Fig. S.56 Rheological model for soil. L Linear spring; 
N: Nonlinear dashpot. 
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The degree of consolidation is 



and X = 1 — LA - 



r, — c 2 a v Ao 



Elimination of u from Eqs. (5.9) and (5.12:>) yields 

*0 + e) a l[l _ b f^\ Wn l = ^.' 

7 W Pz : Lfi w \ 9 m J 3f 
Combining Eqs. (5.1 25), (5.1 28), and (5.1 29), we obtain 

a 1 [ r . axy /w \ ojP 7- a* 



>. - ^^"(Ao’)' 



a/ I I k{\ + e) Sr 



m ^ 3 7 W ax _ z / 1 ax 

fc 3/ 0, 3r 



(5.127) 



(5.128) 



(5.129) 



(5.130) 



where m v is the volume coefficient of compressibility and Q, is the coefficient o. 
consolidation. 

The right-hand side of Eq. (5.130) can be 'written m the form 

il = ^L a 2- (5.13!) 

37; Q 3; 

where 7* v is the nondimcnsional time factor and is equal to 
Similarly defining 



•we can v.Tite 



r axi’ /n / ax\ l 

[.^■C4.:y - - j =[-) 



T in Eqs. (5.132) and (5.133) is defined as structural viscosity. 
It is useful now ?o define a nondimcnsional r 2 tio R as 

= 7v = ^ 

r 't, tO ^o'T' 

From Eqs. ( 5.1 30). (5.131), and (5.133), 
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iif x _ 

af 5 L \itJ J ai; 



(5.135) 



Note that Eq. (5.136) is nonlinear. For that reason, Barden suggested solving the two 
simultaneous equations obtained from the basic equation (5.9). 



3X 

3 T 1 ~ 97 0 



(5.136) 



and 



--(x-or 

R 



3X 

37 v 



(5.137) 



Finitc-<iifference approximation is employed for solving the above two equations. 
Figure 5.58 shows the variation of X and u -with depth for a clay lawyer of height 
//, = !// and drained both at the top and bottom (for n = 5, R - 10 *). Note that 
for a given value of T v (i.e., time /) the nondimcnsional excess pore water pressure 

decreases more than X (i.e.. void ratio). 

For a given value of 7„, R, and n, the average degree of consolidation can be 
determined as (Fig. 5.58) 




X dz 



(5.138) 



Figure 5 59 shown ihc variation of L( v "dth T v (for n - 5). Similar results can 
be obtained for other values of n. Note that in this figure the beginning of secondary 
consoUdation is assumed to start after the midphne excess pore voter pressure falls 
below an arbitrary value of u = 0.01 Ao. Several other observations can be made 
concerning this plot: 



1. Primary and secondary consolidation arc continuous processes and depend oh the 

structural viscosity (i .e. ; R or 7,). . 

2. The proportion of the total settlement associated with the secondary consolidation 

increases with the increase of R. 

3 In the conventional consolidation theory of Terzaghi, R = 0. Thus, the average 
degree of consoUdation becomes equal to 1 00% at the end of primary- consolidation. 

4. As defined in Eq. (5.1 34), 

ti 1 (Ao')’-’ 

The tern, b is » complex quant, ty and depend on the elecUochemica I envtron- 
ment and structure of clay. The value of b increases with the increase of effective 
pressure o' on the soil. When the ratio A o’ jo’ is small it will result in an increase 
of R and thus in the proportion of secondary to primary consolidation. Other 
factors remaining constant, R will also increase with decrease of H, which is the 
t length of the maximum drainage path, and thus so will the ratio of secon aiy to 

primary consolidation. 
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